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Teachers’ views on effective mathematics
teaching —

Commentaries from a European perspective

The previous papers of this issue discusvids teachers from the United States, Australia,

Hong Kong SAR, and Mainland China have on effective mathematics teaching and learning.
Similarities and differences are found and a differentiation from West to East can be worked out in
the order of the regions as listed above. The picture of teachers’ views can, however, be
differentiated when they are looked at from a Euaopgerspective. On thedia of the analysis of

two comparative studies on teaching culturethiee European countries and a questioning of
teachers, this commentary thenef tries to locate France, Geany, and England within this

framework so that the East-West-contrast is distinguished in more detail.

1 Goals and intentions of the article

The following commentary on teachers’ views on effective mathematics teaching
comes from a European perspective @ruhsed on two European comparative
studies which include Germany, Franoe &ngland, as well as a questioning of
teachers in Germany. The studies are quaiély oriented so that they do not

claim representativeness. Also, they dofocts on the question of an effective
mathematics teaching but on beliefs otineaatics and of mathematics teaching

in general. They do, however, make cleat the contrast between East Asian and
Western countries concerning efigetmathematics teaching can be

differentiated from a Bwopean perspective.



Therefore, to begin withthe results of a study on theathematical beliefs of

German teachers are presented. In cehtaathe East Asian, Australian, and
American teachers’ views, in Germanyrrfalistic as well as schematic beliefs
concerning mathematics as a disciplsewell as concerning its teaching and
learning clearly dominate compared to beliefs which are focussed on process or
application. The two European comparastedies show that also within Europe,
focussed on France — Germany — Endlaclear differentiations in the

reconstructed practice of teaching and learning mathematics can be found. These
shed light on the underlying beliefs about mathematics and mathematics teaching.
Formal aspects of teaching mathematicsidate in France whereas, in contrast,
pragmatic and applied beliefs are theammmportant ones in England. Germany

can be located between these two poléss makes it clear that among these
Western countries strong differentiationy&#o be made as there are countries
which are closer to the East Asiaews of teaching and learning mathematics

than others.

2 Reflections based on a study with German

teachers

The following reflections describing thelleés of German teachers concerning
mathematics and mathematics teaching are based on a qualitative study carried out
in 2002-2003 with 41 teachers from sixhools in Hamburg, the second largest

city in Germany (for details see Kars Kornella & Ross 2005). The study was
conducted in connection with the evaloatiof a pilot programme of the German
government and the federal states whick aianed at increasing the efficiency of
mathematical and scientific teachifgp-called SINUS-programme). This

innovative programme, carried out betm 1998 and 2003, aimed at fundamental
changes in mathematics teaching in tlir@ctions: (1) a ciinge in tasks as

practised in lessons, and (2) a chaofyjhe dominant learning and teaching

structures (a stronger integrationagiplications and modelling examples).



2.1 Framework of the study and methodological aspects

The theoretical approach thfis study refers to th@éiscussion about beliefs as
mental constructs that represent ¢bdification of peo@’s experiences and
understandings (Schoenfeld 1998). The teegtbeliefs can be distinguished
amongst others by whether they refer torthture of mathematics as discipline or
to mathematics teaching and learnfgompson 1992). The study starts from the
classification system of mathematicaliets of students developed by Grigutsch
(1996), which is elaborated by Grigutsch, Raatz, and Térner (1998) concerning
teachers. Grigutsch, Raatz, and Tord®&98) categorise teaaisebeliefs mainly

by four aspects of mathematical bebgbtem which refer to the nature of
mathematics as a discipline: From a dynamic perspective, mathematics can be
understood as a science which mairdpgists of problem solving processes
(aspect of process), or as@ence which is relevant fsociety and life (aspect of
application). In contrast to thesedwlynamic views, there are two static
perspectives on mathematics as a science. One comprises mathematics as an
exact, formal, and logical science (aspect of formalism), the other views
mathematics as a collection of rulesldormulae (aspect of scheme). This
theoretical approach differs from the amsed by the study presented in the other
papers of this issue, which refers tmé&st’'s (1989) appreah towards teacher’s
beliefs. Clear similarities betweerettwo approaches can be found, though.
Ernest differentiates an instrumenta@w on mathematics, which understands
mathematics as an accumulation of facts and rules. This instrumental view is
related to the schematic perspective ilg@isch, Raatz, and Torner (1998). On
the other hand, Ernest’s cateyg of Platonic view of mathematics, which focuses
on the internal structuref knowledge itself, is tated to the formalistic
perspective. The additional beliefsmnathematics as process or application
presented here enrich Ernest’s theoretiggdroach and enable more differentiated
analyses.

The differentiation of dynamic and static leéi is pursued in the beliefs about the
teaching and learning of mathematicstiwelation to the psychology of learning,
these beliefs are used in the studyiayser, Kornella, and Ross (2005) to
differentiate between beliefs about aistand dynamic acquisition of knowledge.
A static acquisition of knowledge is chatertsed by the perception of learning as
acquisition of an inventory of knowdge, or a perception of receptive or



reproductive learning respectively. Béi@about dynamic forms of learning
understand learning being as self-direaad discovering. On the other hand, the
study described in the othetiales of this issue refets the approach by Ernest
(1989), who differentiates the beliefs abthe static perception of learning in
mastery of skills and reception of knowledge. Dynamic ways of learning are
differentiated in active constructiaf understanding and exploration and
autonomous pursuit of own interest models.

To describe the perception of the teahmole, the study described below reverts
to a distinction between the traditidraad extended role of the teacher:
characteristics of a traditional perceptimfrthe role of the teacher are beliefs
about the teacher being an expert whespnts and imparts contents by recurring
and thorough explanations. The extended obline teacher sees the teacher as
being responsible for the preparation #mel organisation of stimulating learning
situations. It also places emphasis ondbvamunication with the learners. This
distinction is a bit coarser than Erriegt1989) classification of instructor,
explainer, and facilitator used in thénet papers of this issue. The roles of
instructor and explainer hereby correspond to the traditional perceptions in the
approach taken in this study; the rofefacilitator coresponds to the other
perceptions.

To conclude, the given theoretical apgches are very similar, they just
differentiate some aspects to a different extent.

Methodologically, the study applied rhetds from qualitative social science.
Furthermore, the applied empirical methadsicerning the choice of sample, data
analysis and data interpretation are base the theoretical considerations of
Grounded Theory (Strauss, Corbin 1998)e decision for a qualitative study was
made on the one hand due to the smatipa size which was available. On the
other hand, this approach seemed to beotslheappropriate a&rigutsch, Raatz,
and Torner (1998) provide a study whichriwed with a quantitative, statistical
design. The aim of this study, howeverswa answer the question whether the
beliefs described above can be reconstdindividually with every teacher or
whether they occur as conglomerate. We will go into more detail below.

In this study, all teachers of the sixfepating schools who were involved in

teaching mathematics to students from Year 7 and 8 were asked about their beliefs
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concerning mathematics as a discipland the teaching and learning of
mathematics. This was done twice: a beginning of the project and after one
and a half years. The gstionnaires used considtef both, open and closed
items. The following aspects wetevered in the questions:

beliefs about mathematics as a discipline,

beliefs about the nature of mathdiosteaching and the underlying goals of
mathematics teaching, and

beliefs about the learning of mathematics.

Altogether 41 teachers participated at the beginning but decreased to 29 at the
second questioning. With 16 teachers who were chosen for certain theoretical
criteria (see below), semi-structured intewsewere carried out to enrich the data
on the mathematical belief systemgloé teachers. Eight teachers were
interviewed at the beginning; another eitgachers were interviewed at the end
of the study. Four interviews from tffiest interview sessioand four from the
second interview session were then gs@dl in detail using methods from
Grounded Theory.

To be precise about the procedure tredmethods used, the written questioning
was conducted with questionnaires wheontained open as well as multiple-
choice questions. For the evaluation, theotietical approaches described above
were taken as classification system. Trhisans that a coding system was used
which contained in-vivo codes as well@xles which were gained theoretically.
With this coding system, the questionnaiveere analysed, and every teacher was
categorised in one of the approachesefary of the three perspectives. As this
was often not distinct, primary andcondary beliefs were distinguished.

The choice of interviewed teachers viased on the results of the written
guestioning. This means that the sanwées chosen according to the research
interest so that teachesho convincingly represerdeaspects of formalism,
schema, process, and application among the beliefs about mathematics as a
discipline, as well as static and dynampérceptions about the forms of teaching
and learning were taken for the interviews.

Interviews were half-standardised and wesaducted on the basof an interview
guideline. The use of half-standardised views for the reconstruction of beliefs
is judged as especially appropriate ia titerature (among others see Flick 1995).



The interviews were taped and tranked. Afterwards, they were analysed
according to the method of thematic codibis means that, at first, the cases
were interpreted as analyses of individeeses and, then, examined in contrastive
comparison. The coding system used wagtan in-vivo codes as well as codes
which were gained theoretically. These codes were combined into categories is

the course of the analyses.

2.2 Results of the study

The analysis of the writtequestionnaire from the ganing of the study shows a
clear dominance of static beliefs abouttia¢ure of mathematci.e. for most
teachers mathematics meant exact mattiead thinking and exact ways of
working as described in the formalismemted approach. Likewise, beliefs about
the nature of mathematics teaching barclassified as static with both,
formalistic and schematic perceptiah@minating. Beliefs concerning the
objectives of mathematics teaching ateematic, dominated by the teaching of
rules and formulae. While beliefs amrning the teaching of mathematics are
dominated by static aspects, the dynaasigects prevail with beliefs concerning
the learning of mathematics. This iswprising result. It makes clear that
teachers notice that learning is ativacprocess in which the learners
independently have to build cognitive structures. On the other hand, in contrast,
they persist in their traddnal view about the role dhe teacher in which the
teacher directs and presents the conteatsecurring and diligent explanations.
Other views about an extended role of the teacher in which the teacher takes the
responsibility to prepare gable learning situations which the learners can
work constructively and creatively are hardly found.

These results form a certain contrasthi results of the study by Grigutsch,
Raatz, and Torner (1998), which stadestronger emphason the aspects of
application and process in contrasthe schematic and formalistic aspects
concerning the perception of mathematicdiasipline. They especially state that
the aspect of schema is strongly rejected especially by teachers teaching at a
Gymnasiumi.e. the school typm the tripartite German school system for the
highest achieving students. fectively it has to betated that the study was

conducted with 310 teachers during a epehce on mathematics education. As
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there are no other studies concerning el German teachers, there are no
consistent quantitative results.

In this context, it is important to know meexplicitly the perceptions of teachers
who represent a tendency towards sctismpnfmrmalistic, process-oriented, or
application-oriented beliefs about mattedits as discipline, as well as their
perceptions about teaching and learning preees mathematicH.is possible to
give some statements from the iniewvs done with teachers in the study by
Kaiser, Kornella, and Ross (2005), whick aresented below. In each case, we
concentrate on one teacher respectivaly @escribe their perception in more
detail:

A formalisticteacher — Mr. A — describes his view about mathematics as follows:
Mathematics is at first a ‘formal languaghi:contrast to cotiquial language, it is
‘not redundant’, ‘precise’, and ‘logicatiosistent’. According to this teacher’s
opinion there is only a weaklationship between mamatics and everyday life:
‘For me mathematics is ... not alwayspsetimes yes, ... has also a relation to
life.’

For this teacher, learning means a ‘l@agrsequence’ in which the contents are
sequenced according to their mathematoaitent. They are based on each other
and have to be learnt one by one before transfer can be made. The teacher thereby
is, in his view, primarily a lecturer,lvo conveys knowledge to the learning group:
‘The amount of subject matter is so gt one really has to work high-power
and there is no chance of doing anythirggeddditionally.” Typical metaphors for
teaching are therefore: ‘to implenmgrnto push something through’, ‘to

introduce’, or ‘to work high-power’. Thdhis teacher’s concept of the teacher’'s
role focuses on the teacher is alsoa@fd in his metaphsifor learning: ‘to
comprehend’, ‘to grasp’, ‘to follow a wk instruction’. Active and developing
metaphors about learning like ‘to be atieplay with concepts’ are expressions
which this teacher seldom usesusied, they chronologally come after
comprehension.

From a methodical point of view, probletmgve a high significance in the lessons
for Mr. A. Learners are supposed to learn the ‘know-howhefmathematical
language with them. This means that theeftd reading of work instructions and
the training of clean and precise presentatamestrained. In thisontext, Mr. A is

concerned about ‘technical praet in the sense of corgtation of handicraft’. It
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becomes obvious that thorough practice of mathematical skills is a central goal of
his teaching so that it inheres in gremnificance and meaning. But not only
rules and theorems are in his focus. M@algo points out structural mathematical
relations which the studerdse supposed to gain age for by practicing.

The position of the teacher who is classified@sematic- Mr. B — shows some
similarities to a formalistic view of mathematics: For him mathematics is ‘the
logical sequence of formulasb that it is reduced to the accumulation of rules and
formulae. Non-mathematical applications do not form a constitutive part of
mathematics. In mathematics lessonsdsnts learn ‘the Is&c conditions of
mathematics’, ‘and everything else caieom the other subjects, there one
continues to calculate.’

According to the view of this teachdine teacher has the main responsibility for
learning. Learning works in the way tHaarners ‘get something tangible,
something fixed’ which has to be corepended. The implementation of learnt
calculation methods is more importdinan to reason oneself. Against this
background, ‘basics just likbat’ have to be ‘memorised’. The teacher therefore
sees himself as ‘crammer’ who trains lsasand who functions as controller for
systematic working.

Tasks are of very high significance instiperception of mathematics teaching.
They primarily serve for practice of @mathematical contents. Hereby, ‘the
mere function of practice’ is importanthich means that ‘they [the students]
practice the same again and again witteli&riation’. In doing so, the relation to
daily life is important, the tasks, howevdg not have to beatessarily realistic.
For Mr. C, the teacher witbrocess-orientetheliefs towards mathematics,
mathematics is understood as an intellectual exposition of problems. Thinking
mathematically means for him ‘to devellmgic’, ‘to develop stingency’, or ‘to
proceed logically and coherently’. This gaalong with the fact that only a weak
relation is seen between mathematicddjsct knowledge and the real world. In
the interview, the teacher explains thathematics might even be replaced by
playing chess because mathematicsnedi at developing thinking abilities. So
the teacher describes basic mathematidl$ sls being usefubr real life but, the
more complex mathematics becomes from the subject’s systematics, the more it

loses this link.



This dynamic process-oriented view towards mathematics goes hand in hand with
a strong orientation to students’ learnifge talk-and-chalk teaching approach is
therefore not appropriat@n the contrary, to let the students deal with
mathematics individually, which also implies that the teacher holds himself back,
is more meaningful to him. Therefolee says: ‘Supposing | stiffly stick to the
textbook, then it is hardly ¢hcase that a student on bign departs to, departs to
somehow independently ask questionbrimg independerthoughts into play
because basically they, then, follow #taucture’. The aim of such a learning
process is that the teacher becomes ‘siymr$’. It is hereby important that the
teacher does not continuously commenttanthinking processes of the students
but that they learn to write down thewn thoughts during &hinvestigation of
mathematical problems. The teacher viéwvsself as operator of problems in the
lessons who ‘sometimes also doesses the solution’ due to his openness
towards the approaches of his students.

The tasks preferred by thisacher are usually opguestions which serve ‘to
discover mathematical structures’. Questions which practice mathematical
methods are not rejected, but neittle they play a decisive role.

Mrs. D, the teacher for whom the aspecapplicationplays a central role, makes
clear in the interviews thalhe aspect of applicath has a fundamental meaning
for her: ‘What shall | do with mathemadicif | cannot apply it somehow to my
life?’ However, not its profits but thedining of ‘criticalquestioning’ is as
important as the training of thinkirapilities for her. The performance of
exercises, which does only serve to stabibiasic mathematical skills, is seen as
only meaningful to a limited extent. €eacher stresses the experimental
character of mathematics and that thel gbéeaching mathematics must be ‘to
get the hand of the seemialjectivity of mathematics’.

This dynamic view of mathematics meanatttine teaching and learning processes
of mathematics do not consist of mamimg rules. Mechanical learning like
‘calculating lots and lots of . questions’ or ‘to put into formulae’ has for her only
limited significance. For this teacher, learqiis primarily an actively discovering
process. The students must ‘make theghiaccessible on their own’. The goal of
her teaching is ‘to take thresponsibility for one’s owtearning’. She is aware of
the problems this approach causes whenrgalised in the lessons. Altogether,



the teacher sees herself as ‘managéh@fearning’ who organises the learning
process along ‘meaningful contexts’.

Overall it became clear that for mosttbé teachers who represent the formal or
schematic view of mathematics statiews of the learning processes are
emphasised. According to the views of thésachers, instruction is supposed to
be geared to the instructor- and expéaimodel, i.e. the subject matter is
presented by the teacher and the qualitihe lessons depends on the teacher’s
ability to explain. Beliefs laout the role of the teachehich come close to the
role of a facilitator in theneaning of Ernest (1989), or beliefs in which the teacher
totally holds himself back and sees hion-herself as organiser of the learning
processes are rather exceptional.

It is interesting to see that procesgented dynamic beliefs about the learning of
mathematics, which stress the responsybdf the individual student for his or
her learning process, and the static balfahe teacher’s role, which is rather
oriented towards a traditional view, diverget, still, occur tgether. The useful
side of mathematics is, however, seen in the belief about mathematics as
discipline, as well as in the belgefbout the teaching and learning of
mathematics. They do, however, not péaglecisive role for the teachers

participating in this study.

3 Reflections based on international comparative

studies on teaching processes

In the following section, results of inteational comparative studies concerning
teaching research are to be presenteds@&esults give insight into the actual
practice of teachers in tlguropean context from which conclusions can be drawn
about the beliefs represented by these teachers. These studies, however, did not
contain methodically controlled questings of teachers but, on the other hand,
methodically controlled observationsleksons and teachers respectively.
Therefore, these studies are restdlcto the question which picture of

mathematics and the teaching of mathBos can be reconstructed from the
teacher’s usual (inter)action the classroom. In the following, it is assumed that

there is a close relationship betweenréspective teaching culture of a country
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and the beliefs of the teachers teachirgdh(so-called ‘filtefunction of beliefs’
see Pehkonen 1994).

3.1 Results from a meta-study

Altogether it can be stated that the stsdivhich compare the teaching culture in
Europe show that the diversity oflieés about mathematics and mathematics
teaching can also be found at European level, although with a different bias. On a
meta-level, the study by Kaiser, HinmdaKnipping (2006) analyses the teaching
culture in three European countriegmely France, Germany, and England
(Japan, which is also analysed in thisdyt, is left aside here due to the focus of
this paper). The study is based on sevgraational comparative studies which
carried out extensive classroom olvsgions. The first study on mathematics
teaching in England and Germanyais ethnographic study embedded in a
qualitatively oriented paradigm of thecsal sciences, which used the method of
participant observation. Sena hundred lessons were observed in both countries.
The study refers to the approach of ideal typus’ developed by Weber (1904),
and describes idealised types of matagos teaching reconstructed from the
classroom observations in both countriBlsis means that typical aspects of
mathematics teaching are reconstructed on the basis of the whole qualitative study
rather than on one existing empirical egfor details seKaiser 1999, 2002). The
second study compares mathematics education in Germany and France and is
based on processes of amgentation and proof. The observations in six French
and six German classes were documeniittll audio-tape recordings and photos
from the blackboard writing and drawingnalyses were carried out based on
theoretical reflections and involved furaital analysis of argumentations. Based
on the construction of prototypes, idegbe characterisation of proving processes
were developed (for deka see Knipping 2001, 2003).

The meta-study based on these two stushesvs that there are vitally different
directions of mathematics teaching ie tBuropean teaching traditions. Starting
from a different significance and a difémt concept of mathematical theory,
beliefs about the teaching of mathaios in France and England can be
reconstructed as contrasting poles. Thusnch mathematics teaching can be

seen as an ideal type characteristic of a scientific understanding of theory. This
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means that in France there is a strioays on the subject structure of school
mathematics, and that theoretical mathematical considerations are very important.
Therefore, concepts, theorems, and formal&eexplicitly used so that theory is
made explicit in the lessons.

England, on the other hand, can be desdrdsean ideal type of a pragmatic
understanding of theory. Mathematical theory is tlweefreated in a practical

and purpose-oriented way. The differentethe pragmatic and scientific
understanding of theory in EnglanddaFrance respectively can be seen on
various levels such as the way nemncepts are introduced, the meaning and
importance of proof, and ¢hsignificance of rules and exact mathematical
language.

The situation in Germany is characteriggdts focus on the subject structure of
mathematics and on mathematical theorye $tuation is, howevevery different

in the different school types of the tripartite school system.Gymnasium

shows a strong dominancetbgoretical subject-related reflections. In the lower
achieving school types, however, teachatsn reduce theory to rules and
algorithms so that theory asich often only occurs as comments by the teacher or
remarks in the textbooks.

Concerning rules and working with examp#sswell as generalisations it can be
stated that they play a different roletirese European countries, which points out,
that there are remarkable differencesamwning the role of memorisation and the
importance of exercising.

German mathematics teaching carcharacterised by itaile-orientation,
manifested by the exact executioratijorithms, especially arithmetic and
algebraic ones. It could be observed thahy teachers expect from the students
that they are able to execute centrgbathms with certainty by heart. However,
significant differences in the tripartisehool system have to be taken into
account. Especially in thewer types of the secondasghool, teachers expect
that pupils know the centralgorithms such as calculation of percentages or
formulae for solving equations by heart. For many teachers this memorisation
serves as substitute for a deeper understanding, which would, in the opinion of
these teachers, ask too much of the weaker stud&ynmmasiunieachers expect a
more competent usage of the formuld#haugh in practice even there, algebraic

transformations are oftendeced to calculations andgmtised with plenty of

12



exercises. But, as Kaiser, Hino, awipping (2005) emphasise, besides this
orientation towards execution of algorithms by heart, some teachers emphasise a
content-related understanding of foriaelland the ability to develop such
formulae by themselves (as an example fehsautype of teacher see teacher C in
the description in section 2.2).

The situation in France is quite differetgaching of mathemasds characterised
by its focus on exercises and the justfion of solutions within the studied
theoretical frame of matheatics. The exact and precise processing of algorithms
is considered to be important but sts#fve as basis for solving more complex
problems. According to Kaiser, Hinand Knipping (2005), teachers emphasise
that sticking to exactly prescribed prdcees and routines regarded as being
important but seem to be not alwaysdficient in order to solve complex

problems. The teachers usually expeliglh engagement of the students in
exercises.

In English mathematics teaching, ruleslatandard algorithms are of minor
importance, which goes along with thevlonportance of generalisations and
general solving schemes. Many teachers work with example-bound explanations
and do not emphasise the standard algoritl8uasin contrast to German teaching,
the performance of manipulations addorithms by heart and time-consuming
exercises can rarely be observed. Butantrast to Frencteaching, only seldom

do teachers emphasise general structamesheoretical reflections on a general

level.

3.2 Results from a three-country-study

These results, which are gained frossien observations, are also confirmed by a
comparative study by Pepin (1997), in whghe shadows twelve teachers (four
teachers per country) for a few week®rder to develop an understanding of

their beliefs concerning teaching dedrning, as well as their classroom

practices. Pepin reports from this studgt there are three lines of perception

about the nature of mathematics: mathigesaas a tool, as training the mind with

its logic, as a criterion for selectioBhe describes that most teachers see
mathematics as a tool. Some English teachers point to the skill side and describe

its function for other subjects. The maranscendent natusd mathematics as
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training of the mind has a high priority fiaularly for French teachers, who feel
that logic is the principalement of mathematics. @ean teachers, especially
those teaching at@ymnasiumalso emphasise logic #ee principal element of
mathematics. In the two lower school tgpaowever, theory is less important and
often reduced to rules and algorithms. English teachers, on the other hand,
mention the necessity to promote nattatical reasoning, which is in strong
contrast to their teaching, in which reamg is hardly asked for. Teachers seem
to assume that logical skills will be le&from activities such as investigational
work, where reasoning is necessary.

In another study, Pepin (1999) describesdldimensions that underpin teachers’
practice and which show the great divigrsvithin mathematics teaching and the
conceptions about it in Europe. Thadtimensions are the coherence of
mathematical concepts, the teacher’s orientation on process vs. product, and the
coherence of the students’ mathematical experience.

Pepin describes that in France, teackemnsl inspectors) repeatedly emphasise the
reasoning and training-of-the-mind aspactl that this conviction can also be
observed in practice. The reasoning can, for instance, be seen in the fact that
teachers make the students reason their results (sometimes with precise proof) and
often give them problem-solving activitissengage them in the act of finding
mathematical concepts themselves. The focus here lies on the process rather than
on the product. On the other hand, tlaning-of-the-mind is done by the focus

on developing mathematical thinkingelfch teachers are concerned about the
best way to teach mathematics so that all students can learn the whole
mathematics which is taught at the respedevel, and that they improve their
understanding. After giving cognitively dienging problems to the students, they
for instance collect thewstients’ ideas for solution$hen, two things can be
established: the connections betweenrttathematical notions which could be
developed while working on the tasks, and, on the other hand, the ideas, skills,
and investigations made. Therefores three dimensions underpinning French
teachers’ behaviour are, firstly, th@icture of mathematics which is
characterised by their perception of the défg elements of mathematics, namely
the strict organisation of mathematicahcepts, process orientation, and their
entitlement. Secondly, their teachingnfiuenced by different cognitive

approaches to get a grasp of the struabfimaathematics as well as the relation of
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concepts and methods. It is, thirdifppsvn that French teachers have an
egalitarian view of teaching practisethey expect the whole class to make
progress together. Therefoggeat importance is put on mathematical reasoning.
The German teachers’ view of mathditscan be described as a relatively
formal understanding of mathematics, whis characterised by logic and proof.
The teacher’s role is to exgih the structure of mathetizs and to present it in an
interesting context. German teachers et teach every topic as deeply as
possible so that they spend a substhatiaount of time on each topic. This is
mostly done in the dominant teaching stytes chalk-and-talk approach together
with and interactive conversationaylet Links between concepts can be
elaborated on in their lessons as ¢tsmre not fragmented but an extensive
amount of time is spent on each topicpiRecould not reconstruct an orientation
on process in the lessons. Teachercaneerned to pass on their knowledge to
the students as successfully as possible.

The picture in England is a very differeate. In contrast to France with their
focus on process and mathematical oeasy, the emphasis in England lies on
results and the development of matlagical skills. Although logical reasoning
and proofs are named as aims of theliShdeachers, they are rarely found in
their teaching. Teachers are busy wiithing to cover the content of the
curriculum, which might be a reason why they spend only little time with the
explanation and illustration @f certain mathematical notion or skill to the class.
Then, the students are asked to work by themselves on exercises during which
time the teacher consults individual students. Cognitively challenging questions
with, for example, more than one solutane only rarely used and mostly kept for
‘investigation’ lessons. Thefore, usually only high a&ving students are taught
notions like justification and proofesondly, process and content are separated
because exploration and content are usdallght at different times. Exploration
or cognitively challenging questions likeoblem-solving tasks have their own
position in English lessons. The studests then rather taught how to ‘behave

mathematically’ than to determine thamatical structures or patterns.
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4 Concluding remarks

When comparing these results with theules found in the studies about teachers’
beliefs in Mainland China, Hong Kong 8AAustralia, and the U.S. (see Cai;
Perry; Wang & Cai; Wong; Cai, Bryan, Wang & Perry; and Wong in this
volume), one can see that the Europearspective clearly differentiates the
picture drawn beforehand. The categormawf the beliefs in ‘East’ and ‘West’

is, on the one hand, still important but can be distinguished even further when
France, Germany, and England also taken into consideration.

Following Ernest (1989), teachers frédtong Kong and China hold a ‘Platonic
view’ of the nature of mathematics whifdtuses on the internal logical structure
of mathematics. It is gained and purfiby abstraction from real life problems.
The other pole on a continuum is foundhe ‘functional view’ of mathematics
held by U.S. and Australian teachersréjenathematics is treated as a language
which describes and explains physicalqpdreena. The European perspective is
not that easily classified ane side. On the contrary,dfice lies rather on the
East Asian side with a sntific understanding of nldematical theory and a
strong focus on logic as pdipal element. England, on the other hand promotes a
pragmatic understanding of theory, eerather practicand purpose-oriented

view which is in line with the Australian/U.S. perspective. Germany can be
located somewhere in the middleotigh with a strong tendency towards the
formal approach, which is predominandigplied in the highest achieving school
type of the tripartite school systeifhe lower types of secondary school,
however, do not have this strong emphasisheory so that they rather tend
towards the English/Australian/U.S. side of the continuum.

When it comes to the role of the teacladirfeachers agree on the fact that they
have to understand the needs of thelesits. The perception of how a ‘good
lesson’ is taught, is, however, veryfdrent. In China, Hong Kong, and France,
effective teachers are instructors who pdeviheir students witthe skills needed
for correct performance and which enatilem to find mathematical notions on
their own. In Australia and Englandgtbeliefs about effective teachers are
somewhere between facilitatand explainer as teacke¥ncourage their students
to solve mathematical questions on their own and, on the other hand, explain how
the concepts are related to each other. In the U.S., teachers engage students in

problem-solving activities and are, therefofacilitators. Interestingly, German
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teachers’ beliefs are located somewhm®veen the East Asian/French and the
Australian/English ones as the subjecttaras usually presented and explained
by the teacher. The quality of the lessi@pends on the teasls’ ability to

explain. Therefore, the beliefs concerning thle of the teacher as instructor and
explainer can be found in Germany.

There are quite big differences betwélea beliefs about the learning of
mathematics and the engagement of the stgde the learning processes. Beliefs
from the U.S. and Europe often encasg group activities in the classroom as
well as active engagement of the studeetbally as welbs physically. This
means that the students have to acfipalrticipate in the lessons by either
answering or also, as it is the cas&grmany, developing the contents dealt with
in the lessons in an inkEctive-communicative styl®©n the other hand, they are
also invited to actively use hands-on nputatives. These devices are also used
by East Asian teachers but to a different extent and for a different purpose. Hong
Kong teachers for instance only use tifemdemonstrations. Chinese teachers,
on the other hand, rather eggastudents verbally in the lessons. Here, one can
see a rather teacher-led view in the et a student-centred view in the West.
Germany can, again, be seen as igrmediate position as, on the one hand,
lessons are often teacher-dominated withlk-and-talk-approach but, on the
other hand, learning is process-orientad saeen as an active cognitive process
which is fostered in the taractive-conversainal style. France st occupies this
middle position of the continuum although, once again, French teachers show a
strong tendency towards East Asian approaches.

The perspective of teachers’ beliefglaheir view of effective mathematics
teaching can be broadened with remarks from a European perspective. The
European countries presented here skigwificant differences concerning their
teachers’ beliefs so that the overall pret can be differentiated. It is probably
most interesting that trmntinuum U.S. — Australia — Hong Kong — China can be
extended with England, Germany, and EerWWhen located in this continuum,
England takes a close relation to Aulsrand the U.S., whereas France shows
close similarities with the East Asian beliefs. The German position is, again,

somewhere in between these composite groupings.
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