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TAAANTQXEIX

A7} appovikn] Tohdvioon (opeioTn TEPLodiki Kivinon) F . =—kx

net

Ortav og éva copo pdlog M n oAk dvvaun givar Svvaun exavoeopds (mT.y. dvvaun amd 1avikod EAUTPLO)
F,=—-kx, y0pw and pa 6éon woppomiag X=0, tdte N emrdyvvon Oa diveton omo :

d?x k d?x
azh:d_uz—hxj —2+—X:0:> —2+0)2X:0
m dt m dt® m dt

omovn ®=, /— Le S100TAGEL avTIoTPOPOL Ypdvoy [w] =S ovopdletar kKukAkn 1tocvyvoTnTOL.
m

E
- Orav 1o owpa petatormileTal
| aptotepd amd Tr) Béon 1op-
ﬂ | porttag, 1 opi6via Sovayn
| X : L
o aokei T0 EAATTPLO £)EL | S
A @opd mpog Tal Sefud.
x=0
d’x k r=1la=
r+t—x=0 2 :
dar  m d-o e\
p O el : -k0 =1 = e~
Otav n ywvia 0 ivat puxpr, 1) dt e :gma;\
kivnon Tov amAol eKKpERONG 5 5
umopei va povrelomoinOei wg d-6 N K 0=0
amAr) appovIKT Kivion yvpw > — U=
an6  Béon wopporiag 6 = 0. dt ! To owpa Tadavtovetal yopw amod
70 evBVypappo tpunpa O pe
' TAGTOG O,
|
|
) +
0 4
I , C— L
L i & Qmax
: AEovaq\O
~—e_l S i o/o TIEPLOTPOPTG |
mg sin 0 § | 0
0 | d
mg cos 0 V[ + V! 0= :
2 I
. mg ds di [
—Wgsm9=m—2:> i+L—:0:}> dsin 0 i
dt C dt
20 d’q 1
g : — —q =
—2+Zsm9—0:> dr ch
a0
— +£6=0 4
s=16, sinf=~6O r:ch::>—mga’sint?:I—a{lr2 =
0 —_—
T <15° =0,26 rad d26’+mgd9_0
sinl5° =0,26 dt’ 1

H mapomdve givor pua dtapopikn| eéicmon kabdg cuvdéet pia cuvaptnon X(t) pe Tig mapaydyovg g, otV
nepinTon pog tn 0evTepn Tapdymyo povo. Ovopaletor eElcmon Tov YPOUUIKOD TOAXVTOTY Kot Eivot omd
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TIC 7O Oldonueg SPopIkeEg eEIGAMCELS TNG PUOIKNG, AOY® NG oLYVNG eueaviong ™c. H Adon g
oLYKeEKPLUEVNS dtopopikng e&iomong eival amAn kabdg Bo gival po cuvaptnon g omoiag 1 devTEPN
TopAymyog elval avdiloyn Kot pe avtibeto mpdonuo pe v 0w ™ ovvaptnon. Oiot E€povpue OTL 01
GUVOPTNGELG LE QLT TNV O1OTNTA €IVl Ol AEYOUEVES OPUOVIKEG GUVOPTACES MUITOVO Kot GuvnpiTovo
KaBmg Ko 1 eKOETIKN GLVAPTNON HE Hyadko eKBETN o1 omoieg etvan OAeg mePLodkéS (e mePiodo 27) Kot
cuVdEovTal HeTaEd Toug pe T oyéon : €7 =cosd+isiné
"Eto1 1 e€iomon kivnong tov ompartog Oa eivat Teplodikn Kot 6N yevikodtepn Lopen g Oa divetar amd v
TOPAKATO GYEoN

X(t) = Asin(at + ¢,)
'H 16080vopa and TG : x(t) =ce' +ce ", X(t) = Asinat + Bcos at
Me amA) avTiKoTaoTaor OA®V TOV TPUTdve eKQpAcemy otV dlopopikn e&icwon emiPefaidvovpe 0Tt

amoTeEAOVV ADGN TNG.
To 6popa tov nuitdvov @ = wt + @, ovopdaletar edon kon efvar adidototo peyedog, perpiéton 6e aktivia

rad.

Me napoymylon amd TV Tapamdve GYECT TAPVOVLE Yo TNV TOYVTNTO KoL TNV ETLTAYLVON:

u(t) = Awcos(at +¢,)

a(t) = —Aw’ sin(at + ¢,)

H kivnon avt ovopdleton amin appovikn taldvioon. Eival n kivnon mov 6o akoAovbncet kdbe cvotTnpa
nov Bploketon o€ 16oppomia av dtatapoydel Aiyo pokpiTepa omd avThV.

H 7epiodog g mov opileton amd X(E+T) =X(t) eivan: T = % = Zﬂ\/g Kot gpa TO @ €iva 1 KUKAIKN NG
ovyvomta [w]=rad/s (n yoviexn toxdmta kvntod mov extelel opoAr KukAue kivnon pe mepiodo T).
[Na k60e meprodikn kivnon opilovtar ot :
nepiodog T = yxpovikd drdotnua piog emavaAnyng (S) kot
ovyvomrto = apOpdc emavoAqyemy ot povade Tov xpovov (s1=Hz)
OV GLVOELOVTOL HETAED TOVG KO LLE TNV KVKAIKT] GUYVOTNTO @ LE TIG OYECELS :

1 2r

f== , w=2rf=—"—
T T

Ot otafepéc 4 Kan po eEapTdvToLl Ao TIG apylkég cuVONKeS (Twg Eexvnoape TV kiviion) kot ovopalovrot
avTioTor) 0 TAATOG Kol apyIKn @doT g Taldvioons. To mhdtog ival n péylotn dvvatn amopdKpvVGT ToL
copatog and tn 0€on woppomniag X, = A evd 1 péylotn todTNTA TOL SOUATOG Oa efvan U, = A@ .

A1GPOPES TEPITTWOELS APYIKOY GOVONKDY

1) Av tpapn&ovpe to ghatiplo Kotd Xo kot ™ ypovikn otryun t=0 to apricovpe ehevBepo T10TE A= Xo Ko
po=m/2 , agov mpémet va. éxovpe X(0) = X, xon 0(0) =0:

v(0) =0= Awcos(¢,) =0=cos(p,) =0= ¢, =7/2

X(0) =%, = Asin(z/2) = x, => A=X,

2) Av onpdEovpe otrypaio To oo to omoio PpiocketTar apyikd otn 0¢on 1ooppomiog X=0, GCTE TN YPOVIKN
otiyp t=0 vo Eexvioet amd exel pe taydTTa vo T0Te A= volw Kat po=0 agov mpémet va éxovpe X(0) =0
kot 0(0) =v,:

X(0)=0= Asin(g,) =0=¢, =0

v(0) =v, = Awcos(0) =v, = A=y, /@

3) Tevikotepa av tpafnéovpe 10 copo amd T 0Eomn 1ooppomiog Katd Xo Kol EMTPOcHETA TO CTPMOEOVLE
oTypaio dote va EeKvioet amd ekel e apytkn| TaydTnTa vo TOTE :
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x(0) = X, Asin(e,) = X, tan g, = o
v(0)=v, = Awcos(p,) =v - \/7
0 0 0
X2+ o

Amaloipij Tov ypovov
Amodeipovtog To xpovo Ppiokovpe Tig oxEceLg TOV GLVOEOVY amevbeiag Ta X, v Kot a:

L =*w\ A" - X

a=-o’X
a=t0" A -0’0
AVTéC Ol oyéoelg amodekvhoviol eukolo omd T €€loMOELS Kivnong pe XpNom NG TPLYOVOUETPIKNG

TOVTOTNTOG sin’ @+cos* 6 =1 (M amd droTnpnomn g EVEPYELNG).
‘Eto1 yio v anAn appovikn ToAavtoon £xovpe TG EEI0MGEL :

Ofon (Tpoy1d): x = Asin(at +¢,)
Toyotnto : v = Awcos(at+¢,) | L=t A - X*
Emtéyvvon : a=—Aw’sin(at +¢,) a=-o’x a=ta? A2 _UZ/mz

T apykég ovvnkeg 0< @, <7/2, X, = Asin(gp,) >0, v, = Awcos(p,) >0, a, =—Aw’sin(p,) <0 ot

YPOPIKES TOPOACTAGELS Eivo

XVs. t v Vs. t avs.t

< KAloN=a0 A
A II Kkl oo Aw \ A’

] \

00 1
Xo} t t
: \
aot
A o Ao -Aw?
T=2n/w T=21/w \ «— 5

K;jjo';/lz —COZUO T:27T/C()

INa apycéc cvvOnkeg @, =0, X, =0, v, = Aw, 3, =0 o1 ypapéc Tapactaoelg etvat:

XVs. t . avs.t

X II Klion=Aw Aw?

|

II

KAion= rAa)3
t
|

- \
Ag—¥y A2 | ]

T:27Z'/CO T=27r/a) w < 5

=27/

Hlextpixo avdioyo

Kootag dunmiong Havemotiuo Avtikng Makedoviag — Tunqpa Mnyavoidyeov Mnyavikdv



TaravtOoelg oeh. 4/29

t=0 A | | i B

H e&lowon mov di€met v Kivnon Tov NAEKTPIKOV POPTIOL GTO TAPUTAVE® KOKAMUO AaUPaveTon amd
datpnon g evépyelag otn popen tov kavova tacewv tov Kirchoff : to dfpoiopa tov dapopodv
SvvoptkoD (1) TTOCEWV TACNC) G Uid KAEIGTN dadpoun etvar unodév:

DU =020y, +0,, =0

Av BopnBodpe 6t N OO TAoNg HETAED TV AKPOV VO TNVIOV, EVOC TUKVOTH KOl UG OVTIOTOONS
dtvovtal avtiotoryo amd Tovg TOTOVG :

v = L% : Uc =%
o6mov L (H) o ovvteheotg avtemaymyng tov mnviov, C (F) n yopntikdémta tov mokvet kot R (Q) 1
NAEKTPIKY OVTIGTAOT) TOV Oy®YDV (00 apleAnTEN Ko ayvogitan) TOTE, apov KAEIGEL 0 SLOKOTTNG TN YPOVIKTY)|
otiyun =0, yio kéOe emdpevn Ypovikn otryun Ba oydet :

, v =IR

di g d’g 1
v +u.=0=L—+—=0=—+—0=0
L dt C dtt ' LC"
q
Avtn dev elvarl mapd 1 Swpopikn e&icmon Tov amAoD apUOVIKOD TOAOVTOTY] : F-l-wg 0=0 vy 10
}\’ 14 r 4 a) 1
EKTPIKO POPTIO ( TOV TUKVOTN pe Oy = —F7—
n PKO QopTio G nue & \/E
Ot avtiotoryieg pe o unyavikd avarioyo etvat:
X—q v—i
Xx =A—>Q v, =Ax, = | =Qua,
X = 0o Uy > g
k—>1/C m— L
apa w, =1/~/LC
[Mopaywyilovtag Eava mg mpog xpovo maipvovpe it tnv it dtapopikn e&icmon Tov amdol appovikon
2-
| .
TOAQVTOTY), OVTH T1 QOPA Y10l TO PEVLL TOV JLPPEEL TO KOKA®LAL W + a)§ =0

Ot Moeig yo apykés cuvbnreg 4(0) =Q, 1(0) =0¢ivor:  q(t) = Qsin(e,t + 7/2)
i(t) =1 cos(ewyt +7/2)

Toldvroon pe omocfeon F. =—kx—bov
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Otav o Siakontng tibetat apyikd '
otn Béon a, o TukvwTAg @oprileTar.
2t ovvéxela, o StakonTng Tibetal
otn Béon B. k
o S
R e ® T ¢ S —
A\ (7
p
+ 1‘ boc
R L ——c 1
- g |
R v
\ 4

Extdg g dOvaung emavagopdc £6T® OTL AoKEITOL 6TO oOo Kot omcBéAkovca (avtiotaon avdioyn pe
NV TaOTNTA TOV) UE :

k: otafepd eracTikdOTNTOG 1 0T00EPE EMAVOPOPAS 1 cuvTEAESTNG oTifapdtnTac pe povadeg [K]=N/m

b: cuvteleotc amocPeong pe povadeg [b]=kg/s (e€aptdrar 0md 10 GYALO TOV COUATOG, T LETWTIKT] TOL
EMPAVELDQ, TNV TUKVOTNTA TOL VYPOV Kot TO 1EDIES TOV VYPOD )

Téte amd 10 vopo tov Nebtova maipvoovpe yio Ty emitdyvven ) dtoeopikn e&icmon :

F,  d’ kx bU:d2x+2bdx+kX 0
a=-—"—= —=-——X-—= —+l——+—X=
d> m m dt>  2mdt m
OV €IvOl OLOYEVIG YPOALLLUKT S1apOPIKT| eEicmon uz—: Graﬁspof)g OLVTEAEGTEG TNG LOPPTG :
d*x
—+2 —+ =0
dt? p

omov  S=b/2m mov ovopdleton ekOETNG (mocﬁscng KOl @, =+/k/m mov ovopdletar KLKAKY

1ocvyvotTa civar otadepéc e S100TAGES avTicTpoPov ypdvov (1) mov eéaptdvtor pdvo omd To
TEYVIKA YOPUKTNPLOTIKA TOL cvuoTiaTog M, K kot b kot oyt amd T1g apyikéc cuVONIKeS Xo, vo . o okovopio
YDPOV 01 YPOVIKEG TOPAymYol cLpPoAIovTal cuVHOMG e TEATOES :

dx _, d’x

— = Kot — 5 =
dt dt?

Onodte 1 dapopikn e€lowon yphpeTan :

X+2B%X+aix=0

Avalnrovpe wa cvvaptnon X(t) g omoiag dAec ot mapaywyoi va sivon avéloyeg pe v ido ™)
ocuvdptnon. Avty eivor n ekfetikny cvvéptnon. Me v avtikotdotacn X(t) =e* |, Xx(t) =ze” ,
X(t) = z%™, 6hot o1 6pol oV mapambve eficmon mapovsidlovy TV o cvvapmotaky (ekOeTiky)
eEdptnon amod to ypdvo eZt TNV omoia pmopovpe va PydAovpe kowvd Tapdyovra.

2
c?t (e Zt)+2ﬂ ( )+a)§ e =0= 2% + 287" + wle =0= (2 + 21+ w})e™ =

IMo va oydel 1o mapomdve Yo Kabe Tiun Tov xpovov t tpénel n mtapdotoacn oty mopévieon va eivar pndév.
‘Eto1 n mapoandve dwapopikt| eicwon petatpéneton oe  alyePpikn eEicmon dgvtépov Pabupov Yo v
avOaipetn otabepd 7 : 22 +2B2+w; =0
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N omoia ovopdleton yapoktnprotiky eicwon. Eod n yapaktmpiotikn egicwon eivar devtepofadua,
a@ov 1 avtictoyn daupopikn etvar devtepnc tdéng. H dakpivovsa g devtepofdbpiag etvon
A=4p" —da] = A" - ax) = 4o ([ 0] 1)
"Evoc aAlog tpomog va ypawyoupe TV Sopoptkn| e&icmon etvar va opicovpe v adidototn otabepd :
L b |m b

@, “omVk 2/ mk

mov ovoudletar pétpo andéoPeong. Tote 1 dopopikn e€icwon ypdpeTon :
X+ 2@ X+ i x =0

Kot M xapoKTnplotikn e€icwon yivetot

2’ +2lw,2+wf =0
pe daxpivovoa :

A=2lw,)" -4} = A =40} (S* 1)

Apo m ovvaptnon X(t) =e” 9o sivan AMoon ¢ Jwpopikng e€lomong av o Z elvor Adom g
xopokPloTikng eéicmong. Emedn avt givar devtepofadiua, 6tov A#0 Bo vdpyovv yevikd 600 Acelg
Z1 ko Z2. Emedn n dwapopikn e&icmon eivar ypopptkn 1 yevikodtepn Avomn g Ba givar évag ypoppikog
GLVOLAGHOG TV VO AVGEDV

x(t) =ce™ +c,e”
Omov o1 6tafepég €1 ko C2 Ba mposdiopilovrarl amd Tig apyikéS GLVONKES Xo Kot vo. Av 1 dgvtepofadua
&xel St Aoon (A=0) deiyvetor €0KOAO OTL GE QVTHV TNV TEPITTM®ON OV N e” amotehet AOon tOTE KO M
cuvaptnon te” etvan Ahom ™G SloPopIKNG Kat Gpa 1) YEVIKT AVon Ba etvat Tng Lopeng

X(t) = (a, +a,t)e™

O Moeig g dsvtepofadpiog az’+bz+c=0 Yo T0 Z divovtal amd Tov Yvmotd THmo g dAyefpag:

_—b+A
1,2 —
’ 2a
pe A= b’ —4ac. Apo oV TEPinTOON Lo 01 AVGELS givar

4, =B -0} =—pr o B[] -1=-BLm ¢ -1
Alokpivovpe TG TOPaKAT® TEPUTTOGELS -

AcOevic amdoBeon (pOivovoa Tardvtmon, vrooarndsBeocn, vrokpicun oxdcsBeon, under damping) :
Wy, >pf=>¢<1l=A<0

Onodte €rovpe 600 UIYOdIKEG AVGELS

Z, :_ﬂiwo\]_(l_ﬂz/wg) =—ﬂiia)0\/l—,82/a)§ :_ﬂiia)o 1_§2 =
2, =—P*iw,

OOV OpiGOLE TNV KUKMKR cvyvotnTa pe andsfeon (damping)
b2
N N T N R R e

-pt iyt * _—lwyt
H yevum Aon yuo v e€icmon kiviong etvat g Lopoeng: x(t)=e / (Celwd +ce ' )

Omov yio va givan 1 Avom Tparypatiky pémet ol dvo otabepéc C, C va givan ovluyeic pryaducot apBuoi.
H Abon pmopetl 1codvvapa va ypa@tel oTig mo cuvnOIGHEVES LOPPLES :
X(t) = e (Asin a,t + Bcos m,t) o x(t) = Ae " sin(w,t + @)
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ypnowonowwvtag v e€icmon Euler kot tpryovopetpikés tovtdtnTEC.
H wd ovopdotke «ouyvotntoy eneldn ot povadeg tng ivor rad/s oAl unv umepdevteite, 1 Avon dev eivat
TEPLOOIKT TOPOAO TTOV TOAAVTMOVETOL.

Kpiocwn andécfeon (critical damping) : f=w, = =1=A=0 ko Gpa @, =0

OTOTE EYOVLE TN OTAN ADoN 2,=—f=-0,

Ko 1 YeviKy Avon ya v e&lomon kiviong eivar g popeng - | x(t) =e ' (a, +at)

loyvpi) amdéoPeon (vriepandoPeon, vrepkpiown andcPeon , overdamping): f>w, = ¢ >1=A>0

omOTE £XOVUE GVO TPOYHATIKEG KO OPVNTIKEG AVGELG: |2, = =B+ @, <0

H yevikn Mon o Ty eéicoong kivnong sivor g popeng: | X(t) = 3467(/37“’d " pa g ekt

Emonpaivovpue 0t enedn f> @y > @, = S+, > f—a, >0 kot o1 dVo exBéteg etvar apvntikol kot dpa
TO X TEPTEL OGVUMTOTIKO GTO UNOEV.

Oleg ot mapamdve Aoelg Aéyoviar Aol g petafatikng meptddov yati mapatnpovpe 0Tt OAES TEtvoLV
070 UNdEV KabMdS 0 xpovog telvel 6to dmepo. To chomua eEantiag g avtictaong (amdcPeonc) emoTpépel
teMkd 611 0€on 16opporniag tov : X(1) ——=—0, v(t) ——0,

Ot otaBepéc mov gpeavifovtar oe kdbe Aon mpocdiopilovioar wg cuVNO®G amd TIG apPyIKES GUVONKEG

Xor Ug

AacOevijs amocfeon (pOivovees TalavTaoeLs)
2mv acBevi andcPeon pe T yeviky Ao TN Lopon:

X(t) = Ae " sin(ew,t + ¢,)
TOPOATNPOVUE OTL !

To mAdTog pewwveTal
exkOeTika ocvppwva pe
TN oxgon A

e (b/2m)t

e To ovotua ektedel ToOAGVTOON HE YOVIOKN TodTTO g 0ALG pe TAdTog A(t) mov @bivel xpovikd pe
évo, ekbetkd mopdyovra A(t) = Ae ™. Tt avtd 1 kivon Teprypdpetor og edivovoa Taldvimon

e H xvrhkn cvyvémra wd g eBivovcag taddvimong eitvat Alyo pkpdTepT TS QLGIKNG GLYVOTNTOG M

k b’

k
m 4m? <\/%:a)°

KUKMKNG 131060y vOTNTOG TNG OpEidTNG TAAGVTOONG wo & @y = 1/a)(f - p% =
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1 2m
e H otabepd 7 :E:_ &xel Olaotdoel ypovov Ko ovopdletonr otafepa ypovov g @bBivovcag

b

taddvtoons. Kabopilelr 1o moéco ypnyopa m toidvioorn Bo ofnoet. [poktikd petd amd t =67 M
TaAdvToon £xel offoel KaBdg To TAGTOG
A67) = Ae 75" = Ae ™" = Ae® = A, -0,00248752 = 0,0025A, = 0, 25%A,

éxet ptéoet 610 0,25%=1/400 g apyKng Tov TIUNG.

2
e To ypovikd ddotua T; = — Aéyetar mepiodog pe omécPeon TG TOAGVTOONG Kl AVTIGTOLKEL 6TO
o,

d
xpovViKd  Odotnuo  petad Vo ddoylkdv - peyiotwv M €loyiotov  Tov  mWAGTOLG, OTOV
sin(wgt+@)=+11 —1. Av ot Tiuég avtég givor 4n Ko An+1 KoL GVTIGTOLOVV OTIG 800 XPOVIKEG

OTLYUEG th Ko th+1=th+Tq TOTE :

A] e—ﬁ[n F— Q BTy o A
A] e -p(t, +Td) A\e A]e
+1
X(t
H nocétmta A=1In Xt %(—')I' ) = fT, =T, /7 nov givar o adidototn otadepd, ovopdletal AoyopOpik

peioon.
e O ypovog mov amarteitar yio vo petwbei 1o TAATog 670 G6 ovopatetol xpovos vwodmrraclospo? t),

Kot Tpocdropiletar amd :

Bt+yp)
1 A)e =2=¢"" = =>t,= In 2_ rIn2
2 Ae”

o T KB TpakTiKd GKOTO M w?»owtcocm éxet otapatnoet petd amod 10 ypdvoug nuilmng kabag to mAdtog
éxe1 pewodei oto 2719=0,000976563~0,1% g 0ipyIKHC TOL THC.

e H mepiodog pe amdcPeon, n AoyapBukn peimon Kot 0 ¥pOvog VITONTAACIAGHOD GLUVOEOVTOL LE TN
oyxéon tj/2 In 2Td

A

Kpiown xai1 Ioyvpij andocfeon

Inpeltdvoovpe povo to eENG :

e Agvmapatnpeitan TOAGVTOON Kol To cOGTNHA oV aopakpLvOel amd T 0Eom 1coppomiog TOV EMOTPEPEL
GE QVTNV YOPIg TOAVOPOUNCELS

¢ H emotpoen Tov GUGTANATOS GTNV IGOPPOTiN YivETOL TTLO YPRYOP 6TV Kpiciun amdcsPeon am Ot otV
oyvpn amdePeon (maporo Tov 0 cuvtereoThg amdoPeong b elvan pikpdtepoC) .
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TaravtOoelg
X
Yrepamoofeon
l
®dOivouca taldaviwon
Higxtpixo avaioyo
[Mukveotg, Tvio kol OUKOS avTIGTATNG G GEPA.
A i
—1-q
R C _
L +q
B T
2
di .. q dq ,Rdg 1 —
U 403 +0. =0=> L—+iR+—=0=>——F +2——+—0=0=|§+ 284 +wlq=0
LOROTE dt C & “2Ldt LC 9+2/q+ a0
1 R?
=R/2L , o, = [—-—
p=R/ ‘ ‘LC 41

q(t) = Qe ™" sin(wyt + ;)

Aoknon: Na Bpeite ™ oyxéon petald tov otabepmv C, A B, A, @, yia 11 160d0vapeg HOopPEG TNG
@Bivovcag apOVIKNG TAAAVTMOONG
x(t)=e” (ce'”dt + C*e_'”“t) , xX(t)=e " (Asinot+Bcosayt),  x(t) = Ae sin(ayt + @)

Avon
c+c
c=a+ib| 7 2
, R . o[ =cc’=a%+b?
ATo: c =a-ib b c—C
2
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ein9 i0

+e
cosd =

e :cose+isin9}
=

Ko TNV TowtdtnTa Tov Euler: e = cos@—isin @ i0

sing = ﬂ
2i
£xoope
X(t) = 7" (ce™ +Ce ) = e ((a+ib)e™ +(a—ib)e ) = e (a(e! +e ) +ib(e™ —e )
=e 7' (2acos w,t —2bsin w,t) =e ™ (Acos w,t + Bsin w,t)
ue
A=2a=a+ib+a—ib=c+c”
B=-2b=i(a+ib—a+ib)=i(c-c)
A*=4a’ =(c+cC")’
B? =4b’ =—(c—c")?

JA? +B? =2\a? +b? = 2|cf

sin oyt + ———

x(t) = e (Asin(w,t) + Beos(agt) ) =e 7'V A* + B? (

A
—_— COS
JAZ ;B2 \/ o }

=e "V A® + B? (cos ¢, sin w,t +sin ¢, cos ,t) = Ae ™" sin(w,t + ;)

Cos(a  ff) =cosa cos fFsinasin 4 sin(a £ f8) =sina cos f+cosasin f
A a lc+c . B -b ic—c
AO:\/A2+BZ:202, COS @, = = == . sing, = - —_
i Cdm Bt Jaribr 2 |f DoJA B Jai+b? 2 |

Acknon: No npocdiopicete Tig otabepés C, A, B, Ay, ¢, 1o 11 16080vVaES HOPPES TNG ATANG OPHOVIKNG
TOAAVTIOONG 0md TIG apyIkéG GUVONKES Xo, U, - Apunticy epoppoyn : k=400 N/m, m=1Kkg,
X,=-0,4m, v,=6m/s.

Avon
Mopon: X(t) = A sin(ot +¢,) |, u(t) = Ajw, Cos(ayt + ¢,)
X, = X(0) = A sin(p,) = % =sin(g,) 1)

v, = 0(0) = Ay, cos(¢, =c0s(¢,) (2)

0

) 7))
Awnpdvtog katd pPéAN maipvoous =2 =tang, =|¢p, =tan" [ ] e tov mepopiopd 0< ¢, <27
Y

A,

2
. X X
Onote : [X(t) = x§+U—°25|n wt+tan™ % [0(t) = @y, [ X5 +—% cOS| apt +tan™ 1 2%
w, U, Uy

Mopoen : x(t) = Asinat + Beosapt, u(t) = Aw, cos a,t — Bay, Sin at
X, =X(0)=B= B =x, (3)
0, =0(0) = Amy = | A=y / 4)

2

L,
TetpayoviCovtag kot mpochétovtag maipvovyle [ j ( j =sin’ Q) + cos’ o= A= X§ + a)oz
0

Uy .
Omnore | X(t) = —>sin @yt + X, COS |, u(t) = v, COS st — X, SIN at
a)O
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MOP(Pﬁ : X(t) = Ceiwot +C*e_iw0t ’ U(t) _ iC()o (Ceiwot —C*e_i%t)

XoZX(0)=C+C*:2Rec:Rec=X_2°
. . N
v, =0(0) =iy (c—C") = 2w, Imc= mc_—z—w0
c=S_j Y
2 2,

k /400
AplOunTiKn Qoppoyn : @, = \/% = 1 =20 rad/s

2
A = [ +22 = \J(-0,4) +(6/20)° =/0,16+0,09 =0,5m

2
0

2 = tan| 2% | tant [—_0’4'2()) = tan‘l(—gj = tan‘l(—i)
0, 6 6 3

[Ipocoyn! To xopmovtepdxt (apBpovnyovn) Ba cog ddoeL TV omAvInon @eomp = — 53,13° 1 —0,9273
rad emedn ot apBpounyavég divouv Tig amavTioegls Toug 6to dtdotpa [ — /2, w/2 . Opog epeig yayvoope
yovia oto [ 0, 27 ) pe apvnTikd nuitovo kot Oetikd cuvnuitovo. Apa Oa Bpioketon oto 4° teTOpTNUOpPLO

KoL TPEMEL VO TNV YPAYOLUE ©C @ =27 + Peomp = 2w —‘(Dmmp‘ nmov PplokeTor oto 1010 onueio TOL
TPLYOVOUETPIKOV KOKAOL TO 0moio dpmg tpoceyyiletar amd v BeTikn @opd.
sing

) / \ 1 COSg
\ ('zﬂcom

(]

Onote ¢, =27 —-0,9273=5,356 rad 1 ¢, =360° —53,13° =306,87°

Apa yevika mpémel va fpickovpe TV yovia go TOTOOETOVTOS TV GTO COGTO TETAPTNUOPIO :
Peomp > 0 HE 0VVPO>0 KoL NUPo>0  onpaivel o oo 1° TETOPTNUOPLO Po = Peomp

Peomp < 0 HE oLVE<O Kot NuPo>0  onuaivel po 670 2° TETAPTNUOPLO Do = Poomp T 7T
Peomp > 0 HE oLVE<O Ko NuPo<0  onuaivel po 6T0 3° TETAPTNUOPLO Po = Peomp T 7T
Peomp < 0 HE 0LVEE>0 Ko NuPo<0  onuaivel po 6T0 4° TETAPTNUOPLO Do = Peomp + 27

YrevOopilovpe 6t ot yovieg 36,87° kot 53,13° elvan o1 ymvieg Tov 0pHoy®dVIOL TPIYMVOL LE PNKN TAEVPDOV
mv tpot [MvBayopeia tprdda (3,4,5) ko 6o to moAlamAdota te. Eivon yovieg mov to nuitovo tovg kot
TO GLVNUITOVO TOVG EKPPALETAL O KAEIGTY OEKAOTKN LOPPT]. B0 YP1CIULOTOMGETE Kot AAAEG TETOLEG YOViES

o711 ZTOTIKY).
sin36,87° =c0s53,13° =0,6, c0s36,87° =sin53,13° =0,8, tan36,87° =cot53,13° =3/4=0,75
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Apa x(t) =0,5sin(20t +5,356)| (SI)
B=x,=-0,4m
A=6/20=0,3m
X(t) =-0,4sin 20t +0,3cos 20t| (SI)
c=X_i % _02-i-% _02-015i
2 2m, 2.20

x(t) = (0,2-0,15i)e"™ + (0,2 +0,15i)e "™ (S

Oeg o1 popeég eivat 10000VoES :
x(t) = 0,5sin(20t +5,356) = -0, 4sin 20t +0,3¢0s 20t = (0,2 —0,15i)e'** + (0,2 +0,15i)e "

Aoknon: No mpocdwopicete Tig otabepég C, A, B, A, @, Y100 T1¢ 16060vapeg Hopeég g @Oivovsag
OPUOVIKHG TEAAVTIWONG OO TIG 0pykéG GUVONKES X, U, . Apuntiky epappoyn : k=400N/m,
m=1,00kg, b=2,40 kg/s, x, =0,400 m, v, =6,00 m/s.

Avon

Mopon : x(t) = Ae " sin(w,t +¢,), v(t) = Ae™” [0, cos(ayt + @) — Bsin(w,t +¢,)]

X, = X(0) = A sing, :%ﬁin% (1)

%=mm=%@mw%—AﬁﬂM%=%%cw%—m%sﬂiﬁﬁ=wW% @

Wy

, Ie r It XOa)d -1 Xoa)d
Alupdvtog Kot HEAN moipvoue =tan g, =|p, =tant| 24—
v, + v, + X,

2
, . . X, v, + BX, . 5 )
Tetpaywvilovtog kot Tpocsétovtag maipvovpe E +| ———— | =SIn" ¢, +C0S" @, =

Aoy
%:Jﬁ+@%+ﬂ&f

2
d

Mopen: x(t) =e™* (Asin oyt + Bcos a,t),
o(t) =—Be” (Asin oyt + Beosw,t) +e (Awy cos w,t — Bay, sin at) =
=e”'[~(AB+Ba,)sina,t+(Aw, — BB)cos(ayt) |

X =X(0)=B=|B =X,

Uyt BX

v, =v(0) = Aw, — BB = Aw, — BX, = A o
4

Mopgn : X(t) =€ (Ce'”dt +ce ) = celo Mty T oo/t

U(t) — C(la)d _IB)e(i(Ud -p)t _C*(ia)d +ﬂ)e_(iwd +p)t

X, =X(0)=c+c =2Rec= Rec:x_zo,

U+ B

v, =0(0) =c(iw, — B)—C (iw, + B) =iw,(c—C") - B(c+C ") =-2m, Imc— Bx, =|ImC = %
s
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c= X i Uy + B%,
2 20,
AprBunrikny epapuoyn

Olo ta dedopéva divovtal e akpifela TpLdV SNUOVTIKGOV YNeiov Kot dpo OAo To. OTOTEAEGLOTO TPETEL
emiong va oTpoyyvAomoinBovv ota Tpio oNUAVTIKG Yneio.

YroAoyilovpe apykd OAec TG otabepég mov e€aptdvIon UOVO amd TO TEYVIKA YOPOKTNPLOTIKA TOL
GUGTNLOTOG Ko Ol ATd TIG APYIKES GVVOTKEC.

/40 d
KvkAikn dtocvuyvotnta : @, = \/7 =20,0 &

Ex0étng amodcPeonc: S = 21 = 24 _ =120s

2-1
1,2
Métpo amdoPeong: § = p L2 =0,0600
w, 20

0

Kvrhikn cuyvomta amdsPeong : o, = o, \/1—42 = 20\/1—0, 6° =20,/0,64 =16,0 fad
S

T popeny x(t) = Aje "' sin(aw,t + ¢,)

2 2
A< |xs (vo+ﬁ><o) 0.47 + (Mj _ 0,16{6*0’48] — J0,16+(0,405)" = 0,569 m
. 16 16

@, =tan™* %@ - tan‘l(ﬁ) =tan' (Mj =tan™ (0,987654320) =0,779 rad (44,64°)
L, + %, 6+1,2-0,4 6,48

x(t) =0,569-e™** sin(16,0t +0,779)|  (SI)
[ popefy x(t) =e ™ (Asin w,t + Bcosmyt)

v, + BX, _ 6+1,2-0,4 _ 6,48 _ 0,405 m
@, 16 6

x(t) =e™*'(0,405sin16,0t +0,400cos16,0t)|  (SI)

B=x=0,400m, A=

Moper : X(t)=e™* (Ce‘”dt +codt ) = cel Pt 4 ¢ llen At

% (Lt _g, j6+12:04 ., %_ozoo i0, 2025

2 20, 2.16
x(t) = (0,200-i0,2025)e > (0,200 +i0,2025)e > (SI)

Cc=

Aoknon: Na mpoodiopicete t1g otabepéc a, a, TG Adong g kpiowung kot a,, a_ g oyvpNg
amocPeoNG, 0md TIC apyIkés GUVONKES Xy, U, . ApOunticy epappoyn : k=400 N/m, m=1kg,
x,=0,4m, v,=6m/s xaw b=40 kg/s 7n b=80 kg/s

Avon

Kpiown anoofeon : x(t) = (a, +a,t)e™™", v(t) =a,e " —m,(a, +a,t)e ™ =[(a, — ®,3,) — w,a,t]e™™

B =a,

X =x(0)=a =a =X
U, =0(0) =28, —@,3, =8, — WX, = |8, =V + DXy

X(t) =X, + (v, + @y X,)t]e

—apt
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/4 r
Kvrhikn docvyvomta : @ = \/7 00 =20,0 id

Ex0étng amdoPeong: f=—=—=205"=
2m 2 1

a=x%x=04m
a, =v, +w,X, =6+20-0,4=14 m/s

X(t) = (O, 4 -+‘:|.4t)e_20t (SI)
loyvpn omdcPeon : x(t) =a,e V' ra e ) p(t)=—(f-w,)ae " —(B+w,)ae TN
X =X(0)=a, +a =a +a =% (1)

+ [OX
UO :U(O) :_(ﬂ_a)d)aH- _(ﬁ—l—wd)a— :_ﬁ(aH- +a—)+a)d(a+ _a—) = a+ _a— :Uo—ﬂo (2)
@y
+ OX + DX
(1) +(2) — 2a, :XO+—U0 P =la, L P
@, 2 20,
U, + ﬂx Xy Uyt BX%
1) -2 28 =X————=a =—————
1)-@— T
\f /40 =200 @
80 a
Ex0étng amdcPfeong: f=—=—=40s
2m  2-1
40
Métpo amdoPeong: § = b _20_ 2
w, 20
KukAKh cuxvoTnTo, omdoBeonc : @, = wy¢2 —1=204/22 —1=20/3 =34,64 — rad <p
Ex0érec : p—w,=40-34,64=536s"

B+w, =40+34,64=74,645"

+_ﬁ Vot F% ~0,2+ w:o,zm,ms:o,smm
2 20, 2.34 64

__E_Lﬂxo:o,z_w:0,2_0,318:_0,118m
2 2, 2.34.64

x(t) =0,518e>*" —0,118¢ |  (SI)

Aoknon
Agi&te 6TL 6TV Kpioun andoPeon To GVUGTNHO EMGTPEPEL WO YpIyopa ot 0Eon 1ooppomiag X=0 an’ 4Tt
oTNV 1oYVPN andcPecn TapOAO TOL 0 GLVTEAESTNG amdoPeong b elvan pikpdtepoc.
Avon
To moc0 ypryopa teivovy ot x(t) =e ' (a, +a,t) ko x(t) =a,e ¥ )" +a e )" 510 pndév kabopiletan
Ao ToV apYOTEPO OPO TOVS, OLTOV OV EMPLAOVEL EVOVTL TOV AAAOVL Y peydia t.

’ r SO ’ —apt ’ Ie ’ . ’ —apt
v kpioun omdcsPeon o apydg 6poc eivor o 1€ o omoiog yio kGfe t>1 sivon peyakdtepog amd tov € P

, , / , p —(f-ay)t L, . a—at —&ot B

, EVO 0TV 10YLPT Eivar 0 Opog e TO pkpOTEPO eKBET € . A &0 exbeticd € T xan € 7 o6 mov

TAEL O YPTYopo. 6T0 UNdEV eivar avtd pe Tov peyoldtepo (apvntikd) exbétn, edd £otm to TpdTo €1 =~ &2
. Autd 1oy0el axopa Kot av ovTo 10 ek0eTikd To moAAamAacidoovpe pe pia dOvvaun tov t. To ekBetikd Tov
¥pOvoL &' vepvikd TeEMKE k4Os SOvapn Tov ¥pévov t" dco peydAn Kot va gfvon o TH:

Ve,e,eR peg >g, kouneN, 3T >0 dotete™ <e™® Vi>T
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Onote apkel va dgiEovpe 0tL 0 ekBétTng peiwong oty vrepondoPeon eivor piKpoOTEPOg 0md TOV eKBETN
peimong otnv Kpioun andsfeor mov eivat 1 KUKAIKN 1010GVYVOTNTA

P—ay <a,
[Ipdyport :

12 2
B-a, =B -} = B- ﬂ( ﬂ2] —ﬂ—ﬁf —ﬂJ &wo(&]mo

2/

70 onoio glvat caPOS PKpOTEPO amd Tov eKBETN wo apov B > @, .

Aocknon

Asgiéte 611 10 ovompa X+ X+ 3X = 0 skredei pbivovso takdvimon. Bpsite Ty KukMkn cvyvomta
amdcPeong kar ypdyte T Ao yua apyucéc cuvinreg X(0) =1, X(0) =

Avon

Xapaxmplotiky] eélowon:  2°+2+3=0

Awkpivovsa : A=1"-4.1.3=-11

1 .vi1 1 .J11
Pileq : le——+l£ , 22=———|£
2 2 2 2
Booucég Moeig : e V2 cos(v11t/2) , e VZsin(+v11 t/2)
Ji1

KvkAim cvoyvomta ondcPeong: @, =7

Tevikli Aom : X(t) = Ae 2 sin(v/11 t/2) + Be V2 cos(+/11 t/2)
N x(t) = Ae?sin(v11 t/2+¢,)

x(0)=1=B=1,
x(t) = A\/Z_ e 2 cos(+11t/2) - = ‘t/zsin(\/l_lt/2)—8ge“/zsin(\/l_1t/2)—%e“/zcos(\/1_lt/2)
AN B 1

X(0)=0= A =0=>A=—
(©) > 3

X(t) = %e“” sin(+/11 t/2) +e 2 cos(v11 t/2)

X(0) =1= Aysing, =1
X(t) = —ie*/zsin(«/l_l t/2+(p0)+ A gevz cos(\/l_l t/2+goo)
A Vi1

X(0) = 0:>—?smgoo+A0 cosg, =0=

A, OS¢, LY :i:tangoo:J1_1:>¢0:tan‘lJ1—1:1,28 rad (81,36°)

m3|n¢0 N
Af:(Pbcos%)z+(Absingoo)2:>AO2 —+1— = A = \/7

X(t) = \/%e“/z sin(+v11 t/2+1,28)

Aoknon
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Agitte 6mt 10 ovomua X+ 4X+3X =0 0o exteréoet woyvpn amdoPeon kot yphyte T ADON Yo
apyikéc ovvikeg X(0) =1 X(0)=0. Mow and Tic dHo Avoeig kobopilel To TOG0 Ypiyopa Ho yupicet o
ocvoTnua 6t B€om 1woppomiog;

Adon

Xapaxmptotiky eéiowon:  2°+4z2+3=0

Awkpivovso : A=4°-4.1.3=4

—4+\/Z__1 , _—4—\/2__

Pilec: z, = , 3
Ceg: 4 > 2 5

Bookég Moels : et o™

Fevikn Mon ;. x(t)=ae'+ae™

x(0)=1=a, +a =1
X(t)=0=-a,-3a =0=>-1-2a =0=a = —% (2), 6mov ypnoomomoape v (1).

Balovtag v (2) oty (1) maipvoope a, —% =l=a, = g

3 1
x(t)==e"'—=e™
(t) ,¢ 3
O 6pog e ' mov tetverl oto undév mo apyd amd Tov e 0o kafopicel T0 TG0 ypryopa Ba yvpicel 10

ocvotnua ot 0éon 1ooppomiag x=0.

Aokno
Asiills ('T)I’L'l 10 ovotuo. X+ 4X+4X =0 0o exteréoet kpioiun andcsBeon kot ypdyte T Mon yio apyikéc
ouvdrkeg X(0)=1, x(0)=0.
Avon
Xapaxmpotiky] eéiowon:  2°+42+4=0
Awkpivovsa : A=4"-4.1.4=0
440
P E
Baoum Adon : e
Mua piCa, pio A0om, dpa : kpiciun amodcPeon.
Fevik Mon : x(t) =(a, +a,t)e™
X(0)=1=4a =1
x(0)=0= [—Zaie*2t +a,e” —2a,te™ LO =0=-2a,+a,=0=a,=2

x(t) =(1+2t)e™

Pio: 2= 2

Aoknon

AgiEte 6T 1) TOAGVTOON pE amdcPeon mov Siémeton amd v e&icwon X +bX + X = 0 0a gugovicet
eOivovosa tardvtoon yio b=1, xpioyn andcofeon ywo b=2 kot wyvpn omdcPeon yio b=3. Bpeite 11g
eflodoelg kivong oe kGbe mepintmon yua apyucég cuvbikee X(0) =1, X(0)=0.
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E&avaykaopévn Tohdvroon F =—kx—bvo+Fsinat

['a va dtatnpnoovpe o€ Kivnon £va cUGTNLO TOV TOPOLGLALEL ATOGPEGT, LTOPOVLE VO EQOUPUOGOVLE Lo
TPOcheTN eE®TEPIKT SVVAUN, TNV OoToia ovopdlovie dieyeipovaa, Tov Ba TapEyel TV amopaitnTn EVEPYELL
Y va 1600To0UicEL TIC andAEEG AOY® aviiotdoewv. H dOvaun epapuodleton meplodikd Kol opUOVIKA LE
KUKAIKT] ouyvoTnTo @ OMA. :

F(t) = Fsin(at) (M F(t)=Fcos(at))
H dwapopwn e&icmon a = Fr:qe‘ , ylveton Topa
) 2 2
_ FS + Fd +F sm(a)t) — d_;( — —EX—EU+ESin(a)t) = d_;(+£%+£x — Esm(a)t) =
m dt m m m dt> mdt m m

d?x .
dt2+2,3 +a)§X=7/SIn(a)t) A X+ 28X+ aPx = ysin(ot)

He @, =~/k/m (rad/s), f=b/2m (s, onwg ko mpv ko pe ¥y =F/mM 10 omolo éyet dactéoelg

gmrdyvvong (m/s?).
H mopondve sivor po ypappkn dweopkn e&icoon 2" tdéng, pe otabepodc cvvieheotés ahla pn
opoyevig, KaOMGS 10 8g€10 6KELOG, OOV dev eLEaVIfETOL TO X, OgV €ivar 60 PE TO PNoéy.

H yevu Aon piog pn opoyevoig dtagoptkng e&icmaong sivor :

Teviren Avon un opoyevoig = I'evikn Loon opoyevovs + Mepixn Adan un opoyevoig
X(t) = Xoy (t) + X,usp (t)

Ot Moelg TG opoyeVoDG givat oTEG TOV BPNKOE GTNV TTPONYOVUEVT] EVOTNTO KO Ol 0Toieg OGS eldape
eBivouv pe 10 xpovo. Enedn emPrdvovv povo yia pia petafatikny mepiodo péxpt va emrevydetl n poviun
Kkatdotoon ovopdlovrol Kot petafoatikn Avon.

H pepuen Adom etvon pia kot Lovadikr), GUYKEKPLULEVT GUVAPTNGT TOV IKOVOTOLEL TNV [T OLLOYEVT] SLOPOPIKT
eElomon ko v omoia Ppickovpe pe kabe mpdsPopo tpodmo. Emeidn eivan avtr mov Ba emPirovcet telkd,

Aeyetar ko Avon g povung katdotaong, X, () =x,,,(t), omdte n yevikn Abon ypaeetor og:

X(E) = X s (0) + X0, (1)
pe X(t)=x,,(t) yo t—o0 (M TPAKTIKA Y10 EXTE YPOVOLS NUIEONG)
Eivol Loyikd vo vroBécovpie 6t n poviun Avom Ba Exer v 1010 ypovikn eEdptnomn pe ) deysipovsa aitia
a@ov¥ M petafatikn Aon Ba ofMoet Kot To cHoT ovayKaoTikd Ba akolovBel v attio mov to deyeipet
KOl TOL TOPEYEL TV EVEPYELD Y10 VO KIVELTOL.
‘Etol, o avalnmon g peptkng Aong dokidlovpe MUITOVOEDN GLVAPTNON LE CLYVOTNTO 16T UE NG
deyeipovoag artiog oAAG TOavdg pe KAmolo d1opopd PAomg:

X0, (1) = Asin(wt — 6)

AvTiIKaO16TOOE TNV TOPOTAVE LOPON OTY KN opoyevn dtapopikn e€iowon kot avalntode Tig cuvOnKeg
Y10l TO GVYKEKPIUEVO TAATOC A>0 Kot T GUYKEKPIUEVT SLoPOPE PAGNC 0 MGTE 1 £&lCMON VoL IKAVOTTOLEITOL.
Bpiokovpe mpaypatt 6t ka1t 1€t010 €ivor duvatd €POGOV avtd €EAPTOVIOL GO TN GLYVOTNTO TNG
dteyeipovoag OHVaUNG OTWS TOPAKAT®:

Aw) = L S(w) = tan‘l( 2po j

\/(a)g —a)z) +45°0° ) @’
H cuvéaptnon t6&ov spantopévng (toéeo, arctan 1 tan™t) maipvel Tipée oto Srdotnue —/2 < 6 < /2 ko dpa.
oe ot 10 drdotnua meplopileton Kot M dapopd edaong 6. I'e 0 <w <@, 1 J elvan BeTikn kKo dpa M

AMOHAKPLVOT €meTon TG dleyeipovsag dvvaung. o w=wo => tand=co => 0=n/2 N amOUAKPLVOT| KOt M
dteyeipovoa dOVauN elvar EKTOG AT ONAAOT 1 dSVVAUN HEYIoTOTOEITOL OTAV 1] ATTOUAKPVVOT Eivon UNdEV
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(&pa 6tav n toxdTnTa eivon péyotn). o @y <@ 1M d tvar apynTikn Kot n anopdKpvven Tponysitat amd
™V dlEyEipovca dHVaUN.
TeAka n pévun Avon givan

X, (£) = L sin(at — &)
\/(a)g —a)Z) +45°w’

Avtn givat po cuyKeEKPLILEVT GLVAPTNOT YWPIG EAeVOEPia TOAATAAGIOGHOV LE o otafepd 1 TpodcBeong

pog otafepdg.

H yevum Avon g e€avayKaopévng TaAAVTOoNg Yo TV TEPITTMOO Y. TG 0o0evoLg wo>f andsfeonc Ha
elvan

X(t) = Ae " sin(w,t + @) + L sin(et —5)
\/(a)g—a)z) +45°0°

Hpaceg npdcerg mpaces ...

[Tapovcialovpe Tig TPAEELS TOL 0ONYOVV GTH UEPIKN AVOT).

YroAoyilovpe Tig Tapaydyovs g SOKIUACTIKNAG AVOTG:
X(t) = Asin(at — o)

X(t) = Awcos(at —9)

X(t) = —Aw’ sin(wt —5)

Tig avtikabiotodpe ot dropopikn e&icmon :

X+ 2 BX+ wix = y sin(wt) = —Aw’ sin(wt — &) + 2 BAw cos(wt — 5) + Aw? sin(wt — 8) = y sin(wt) =
A(wf — @) sin(wt — 5) + 2 BAw cos(wt — 5) = ysin(wt)

AvomTOGGOVUE TO NUITOVO KOt TO GUVIUETOVO TNG SPOPES COLPOVOL LLE TIG TOVTOTNTES :
Cos(a £ ff) =cos e cos fxsinasin kou  Sin(a = B)=sinacos fEcosasin

A(@ — »*)[sin wt cos & —cos wt sin 5]+ 2 BAw[cos wt cos 5 +sin wtsin 6] = y sin(wt)

Avaodlatdocovpe Tovg Opovg.
[A(@} — @?)cos S + 2 BAwmsin S]sin wt +[2 S Awcos 5 — A(wf — w?)sin 5]cos wt = y sin(wt)

H g€icmwon avt) Tpémer va oy veL Yo kKae ypovikn otiypn t. Avtd sivor duvatodv Vo oV 01 GUVTEAECTEG
TOV aveEdpTNTOV GLVOPTNGE®V COSt Kol sin ot €ivol {60l 6T0 TPAOTO KO GTO OEVTEPO UEAOC TNG
eElomong. 'Etol maipvovpe 6vo e€100Ge1S Yo va Tpocdlopicovpie Ta A Kat .

‘Exovpe :

2w
2B3AwCcos S — A(wf —w*)sins =0 = tané'(a)):a)z’g 7| (D)
0

A(w? —@*)cosS +2BAwsInS =y (2)

Ymoloyilovpe to cos S ko sing amd v (1) ko ta avtikadiotodpe oty (2) yio va Bpovue 1o A.

. 2 2 _ 2 4 2 2
cos’S+sin’S=1=1l+tan’ 6 =—=—=1+ 42'3“’22: 12 12 _ (@ “2’) +2€w
Cos“ o (v, —@°)° cos°d  cos“ o (0, —o)
2 2
o, —
C0SO = 2
\/(a)g ~a’ ) +4p
Kot
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2fw o - L sing = 2w

v, ~ o' \/(wg ~a’) +45° 0 \/(a)g —?)’ + 450’

sind =tandcoso =

Onodte 1 (2) yiveran
o — o’ 2w (&} —0°) +45° 0"

-
) 2 2v2 22+2ﬂAw 2 2y2 22:7:A 2 2v2 22 V7
\/(a)o o) +4f°w \/(a)o o) +45°w \/(a)0 o) +4f°w

A} - o

A(0) = 2
\/(a)é ~0°)’ +45%0°
H mopandve ékppaon ypaeetar kot o¢ @ |A(w@) = Y
V(@ —f) + 4%
He o’ =} —-2p° , mv omoie ovopdlovue KUKMKR 6vyvéTnTE GuvToviopov (resonance) kot

@) = @} — BV YVOOTH 0md TPV KUKAIKY cuyvOTnTa pE omdcPeon.

[Ipdypott  avamtdGoOVTOS TO TETPAYOVO KOL HETO GUUTANPOVOVTAS £V VEO TETPAY®VO TOIPVOLUE
(0} -’ +4°0° = &) — 20} + 0 +4° 0" = 0" - 2()} —28°)0° + @) =

=o' = 2(a; ~2f")0" + (g —2°)" (g = 2f°)" + @, =[@" (g = 2°))" + 0y — (@) ~2/87)" =

= (0~ ) +[0f —(@f 270 +(@f —25%)] = (o — ) + 2620 ~2/5) =

(0 - + 4

Aoknon
AVoTE TO TPOPANUA TNG EEAVAYKAGUEVIS TOAAVTOGNS OO OPLOVIKY deyeipovsa duvaun pe pUryaduos
apBpove.
Avon
To mpOPAnua pe TV Un opoyEveln NG SPOPIKNG EEIcmONG
d?x ax .
—-+2f—+wyXx=ysin(et) (1
gtvan 011 dev pmopodue va dokipdoovpe Avon exdetikic popeng ™' dmwe KAVAUE Le TV OHOYEVT
d’x dx
—+2f—+wx=0
dt dt

Kol voL TNV HETATPEYOVUE Ao dopopikn o€ aryePpikn e&icmon. Ov mopdymyor g exbetikng etvon
avaloyeg pe TV 101a TNV eKOETIKN GLVAPTNOT Kol OAEG Ol EKPPAGELS GTO TPMTO UEAOG YivovTan avaAoYeS
o0 ™, duwg 670 dehtepo péhog dev Exovpe exetikd aAld nuitovo.

Expetailevopacte v ypopkdtnta e 01opoptkng e£iomong doTe voL KATOGKEVAGOVLLE [0 OL0POPTKN
eElomon mov va £xet ekBeTiKd 010 deVTEPO PEAOC.

d? d
‘BEoto X (t) n Aon ¢ e&icwong : dt)z(l +2p d_);l +aix =ycos(at) (3)
d’x dx :
Kot X, (t) m Avon g e&icwong : dtzz + Z'Bd_t2+ @)X, = y sin(wt)
[MoAlamhactalm ™ dgbtepn pe I ko Tig mpochétw. Emedq n mopdywyog tov abpoicuatog dvo

ouvapTNoE®V £ival To dBpoIcLa TOV TOPAYDY®V T®V 0VO GUVAPTICEMV TPV :
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2

dth1 ddtx +2 dX1+2ﬂ| +a)0x1+|a)ox =y cos(at) + iy sin(wt) =
2

a7 +ix] [X(;JZHXZ] Z,Bd[x +IX2]+a)0[x1+|x] 7t =

d YA ot

—+2,B +a)§z:ye = Z+2B7+wiz=ye"" (3)

dt?

6mov Z(t) =, (1) +ix,(t)
Apa apkel va Bpw ™ Aon Z ¢ tekevtaiog dtapopikng e&icmong (3) Kot HeTd vo Tipm TO POVIOGTIKO TG
uépog kabmg n Avon g (1) etvar x(t) = X, (t) = Imz(t).

it

Eneidn 1o devtepo péhog eivon exdetixd, dokipdlom exdetikn AMon g popeng : Z(t) = z,e
Ymoloyilovtag Tic mopaydyovg Kot avtikabiotdvtag oty (3) n dwpopikn e&icwon uswrpénswt (o
aryefpicn. Kabe mapaydyion kotefdlet amhd Evav mapdyovia icw:
2(t) =iwz, ', 2(t) = (iw)* 2,6 = -w°2,6'
H (3) yivetan :
4
[ — & +i2Bw]

ot

[0’ +i2fw+ 0} ]2, = ye'" = [0} -0’ +i2P0)z, =y = 2, =

j/eia)t
[ @, — @ +|2,6’a)]
Ondéte v va Ppo ™ Avon g (3) apkel va Ppo tov oviiotpoeo  tov pyadwkol aptBpov
¢ = (0} —w*)+i-2Bw. Eniong, eneidn Ho tov moddomiacidcovpe pe 1o ekbeticd Bédovpe va Exovpe

tov { o€ mOMKY| pLope1|. Bvpilovpe 6Tl av 1 KOPTESIOVT] HOoPEN VOGS HyadikoD aptBpov ival z = a+ib

Apa z(t) = z,e™

T0TE 1| TOAKT TOV popeN efvan z =|z|e” pe | | va®+b® ko tan@ = b .

a
Apa ¢ =|¢]e° = (@ 07 +4F70 € e 5= tan{ 2 j
Wy, — O
- oo ~
Ko = =
<] \/(a)g —0’)? +45°0"
"Eto1 n AMon g dtpopikng e€lomong (3) etvan
_ ' oo _
Z(t) =X, (t) +ix,(t) = 2, =y e =
i " \/(a)oz—a)2)2-|—4ﬂ2a)2
/4 i(0t-8) V4 ..
z(t) = e = cos(awt —O) +isin(wt —5)
\/(a)g ~ )’ + 450’ \/(a)g ~a’)’ + 450’ : ]
KoL 1 Avon g (2) givan
4 .
X(t) =X, (t) =Imz(t) =|x(t) = sin(wt — 6)
’ \/(a)(f—a)z)2 +4 %0’

OTMOG KoL TTPLV.

Yvvrtoviepdg (Resonance)

2VVTOVIGUOS ATTOUAKPOVGIS
I'paeovtag T Abon ¢ Hoviung Katdotaong otn Lopen
14 .
X, () = sin(at - 9)
! \/(a)z—a)f)2+4,6’2a)2
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yivetar @avepd OTL 0 TOPAVOUAOTHG EANYIOTOTOlEITOL Kot Gpo TO0 TAGTOg amopdkpvvong A(w) g
7 ’ ) 7 7 s / ) 7 2 2
ToAdvtoong yivetar péyloto Otav n cvyvotnta g deyeipovoag ddvaung yiver ion pe o =w; . To
QoVOUEVO aVTO OVOUALETAL GLVTOVIGHOG KOl 1] GUYVOTNTA @ GLYVOTNTO GLVTOVIGUOD.

: . . max 4 4
To péyioto mAdtog eivar A™ = A(w,) = =

2p0, 2B} - B

[Mapotnpodpe OTL Yo T GLXVOTNTA GLVIOVICHOV @ =@ —2°, TN QULOIKH CLYVOTNTO o KOl 1T

ovyvotta andoPeong wf = w? — B 1oydel :
& -2 <a-p<af=> o <af<d
2
. , . , [ 2 2 . 2 Oy .
E@OGOV Y10 VoL OPLGTEL 1] GLYVOTNTO GUVTOVIGHOD @, =@y —2° Oa mpéner B < ) » OUvIOVIopGS B

mapatnpnOel poévo yuo kdmoleg and T1g acbevels amocPécelc avedptnta amd to pétpo F kot v KuKAKN
ovyvomTo @ g deyeipovoag dHvaung (yia Tig acbeveic oxvet NN B2 < w?).

6 T
if R —————
s _ “ - | --  envelope
III ll e Y N Praxima
f11 — =01
'E ll.l:' I|I # — : =|:|.2
E / Vo 3m 4 o ; T=0.3
—_ / g 7=05
=] \ -
< g \N 2 =
b1 ,
2 2™ —
— i
T |
fug 2-:9" .34-_1"
Driving frequency, oy a ' -
S v 0.0 0.5 1.0 1.5 2.0 25 3.0

A/ A vs. .a)/a)o.
;_ﬁ_gﬁ_ b
_a)O_Zm k  2Jmk

2vvrovicuds toyvtnrag — Méyiotn uetapopa evépysiog

dx,,, (t)

TUVTOVIGHO TaPOLGLECeL Kou 1) TopdTnTa: U, (1) = i

O 6VVTOVIGHOG VTAOC TOPOVGIALEL LEYOADTEPO EVOLAPEPOV

Hopayoyilovrag m uévipm roon X, (1) = \/( ; 27)/ Yo sin(wt —6(w)) ®g mpog 10 YPOVO,
" —o) +4p°w;

TolpVOLLE!
wy
= cos(wt — 6(w)) = B(w) cos(awt — 6 (w))
(a)2 —a)g) +4p5°0°
Omov opicape To TAATOS TG TavTNTaG (LEYIOTN TAXOTNTAL)

B(w) = 0A(w) =

Vo (1) =
y

oy
\/(a)z ~ o} )2 +45°0°

mov givan 1 avlAoyn oxéon MG U, = @A
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H nmopandve oyxéon ypdoetan Ko

0,0, (1) = Y : cos(at - 5(@)) = 4 : sin(at - 5(w) + 7/2)
\/(a)z—a)g) 4 \/(a)—a)é/a)) +45°

0]
INUEIOVOLUE TAAL OTL 1] TOYVTNTA TPONYEITOL TNG ATOUAKPLVONG KOTA Lo paon 7/2 Kol apa. ite Emeton
™G deyeipovcag dSvvaung Kot o—/2 (6tav 0>r/2) gite mponyeitan amd avtnV Katd 7/2—0 (otav 0<u/2)
Mapatmpodpe eniong 61t t0 TAGTog B(w) G TovTog Yiveton HEYIOTO OTAV @ = @, KOl €ival 160 pE

B™ = B(w,) = -

2pp
AnAadn 1 GLYVOTNTO @ TOV GLVTOVIGLOV Yol TNV TOLTNTO £ivor 1 1010 GLYVITNTO LE TN PLOTKT LY VOTNTA
TOL TOAOVTOTN

0 =,

(eivat S10QOPETIKY MO AVTHYV TOL GUVTOVIGHOD ATOUGKPUVENG, SNA. TNV @, =A@, —257).

Apa 6T0 GLVTOVIGUO TaYVTNTOS OV B LITAPYEL Kot dtapopd paong HeTa&y g dvvaung
F(t) = Fsin(ay)

KO TNG TOYVLTNTOS APOL

0

5(wo)=tan1[ fﬁa’zl —tan (o) = =
W, — @ 2

Ko dpo
U0, (1) = B(@y,) sin(@yt — 6(@,) + 7/ 2) = B(@, ) sin(@,t — /2 + 7/ 2) = B(a,) sin(w,t)

Onodte avToG givar 0 GLVTOVIGHOG GTOV O0TTOT0 1 JLEYEIPOVGA FUVOLT UETAPEPEL GTO GUGTILOL EVEPYELD LLE
TOV TO OMOTEAECUATIKO TPOTO. Xg KABe mepiodo NG TOAAvVTOONG, OTav 1 Oleyeipovsa dvvaun
LETAPAAAETOL [LE TT) PLGIKT] TOV GLYVOTNTO TOL GLUGTNLATOG TOTE TOV PETAPEPEL TEPICCOTEPT] EVEPYELL OO
oLt oL O TOL LETEPEPE GE OMOLAONTOTE AAAY GLYVOTNTA.

Avtd @aivetal amd Tov opiGrd TNG GTIYULNING 1GYVO0G TOV €lval oM LLE TO YIVOUEVO
P =F(t)- o(t)=Fsinat- Bcos(at—09)
H péon oy0g oe pa mepiodo eivar ion pe 10 oAoKANpoLLOL
p=2{ Pdt=..= 2 FB(w)sin6(w)
T 2
To mhatoc ¢ tayvTntog B(w) ot to sind(w) yivovrar péytota pali, 0tav @ = wo :

p 1 FB(w,)sin 5(aw,) :%FB’“&X

max E
H ypagum mopdotacn g dtapopds edong o(w) amd T dieyeipovso dOVOUN QOIVETOL TOPOKAT®. XTO
CLVTOVIGHO @ = wo M dtpopd eacng yiveton ion pe /2 Yo kabe Ty g andcPeons ¢ = v
Wy
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n =0,1
=0,3
0
_B _e
g wﬂ ’F_a)(l
2
5=tan‘l£w§ﬁa;zJ =tan"‘[ 12{;?2] , o<a,, n<l
_ 2 _
S=rm+tan” 12‘:772 . w>am, n>1
—-n
J n = wlwo

0 1 2 3 4

2ovrovieuos ywpis arnocfeon ($=0)
Oa mpénet emiong va e€etdoovpe v tepintoon =0 tavtdypova Le w=wmo , Eexwprotd yati T0TE OAOL O
TOPAVOUAOTEG TV TAATOV A(w), B(w) kot g dtopopdg eaong d(w) undeviovtol. Ty mepintmon avt
Aeimetr 0 de0TEPOG OPOG TNG LN OLOYEVODS dLapOopIKNG EIGMONG Kol 1] cLYVOTNTA TNG dleyEipovoag duvaung
glvat iom e TN PUOTKT] GLYVOTNTA TOL TAAUVTWOTI

2
%-I— ot x = ysin(a,t)

H pepikn Avon mov Oa dokipudoovpe dev pmopet va givor g popeifig X, (t) = Asin(wt — J) yati avti givon

{dtog Hopeng pe ™ ADGN TNG OLOYEVOLG KOl OV TNV OVTIKOTOGTHCOVUE OTN dapopikn e&icmon g un
opoyevovg Ha mépovpe unodév oto aplotepd okéAog. 'Etot dokipdlovpe Ao g Lopeng
X, (1) = A-tsin(apt — 5)

ko Bpickovpe  S=0 ko A= v
20,

, L . . Y i
Etot 1 yevikn Aon eivar X(t) = A sin(ayt +¢,) + 2—t sin a,t
a)O
An” 6mov elvar eavepd 6Tl N ATOUAKPLVOT TG TOAGVTOGNS OLEAVETAL ATEPLOPIOTA UE TO YPOVO DCTOL
€lte vo omdoeL TO EAATNPLO EITE VO KATOGTPOUPEL O TUKVMOTNG UE NAEKTPIKT EKKEVOOT).

Higxtpixo avdloyo
[Inyn evoAAaGGOUEVTG TAGTG LLE TUKVMTT, TNVIO KOl MUKO OVTIGTATN G GEPAL.

_Vsi di R+ 9y 49, Rd9, 9 Ve =
v, +Uz +0; =V sin(at) = Ldt+|R+C_Vsm(a}t): a2 Ldt C L (o)

4+ 284+ w?q = ysin(wt)
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R TR s

\/— B=R/2L, y= V/L , =+t - B E_4L2

H pévipn Adom eivon :

- in(ct — _ /4 R R -
q(t) = Q(w)sin(wt — )| pne Q(Q))_\/(wz—a)f)2+4ﬁ2a)§ Kol § = tan [—]/Ca)—La)j 0<6<
i(t) = I () cos(at —5) = | (w) sin(wt — 5 +7/2) | (w) = 4 = 0Q(w)

\/(a) w?/ a)) +45°

To kKOKA®UO TEMKA S1oppEETaL OO EVOALACOOUEVO PEVUA LE GLYVOTNTA 10T LE TNV KVKAIKY GLuYXVOTNTL
@ ™G TYNS evorlaooouevng taong. To TAGTog TOAAVTOONG TOL NAEKTPIKOD (OPTIOV GTOV TLKVMOTY|
yiveton PéYIeTo OTOV 1 KUKALKY GUYVOTNTA @ TNG TNYNG Yivel ion pe @, , EVO TO TAGTOG TOL PEVIOTOG GTO
KOKAOUO YiveTon UEYIOTO OTAV 1 KUKAIKT] ouxvOTnTO @ NG MNYNS Yivel iom pe 1N uoikn cuyvotnta
(13106VYVOTNTO) TOV KUKAMDUATOG €D, .

Yovletn ToAavToon

netl le-i-k (X _Xl)

2HvBetn toAdvtoon eppaviletar og kdbe coOUA EVOC GLOTNUATOG VO COUATOV OTAV VT EKTOC TNG
eEMTEPIKNG SVVAUNG EMAVAPOPAS TTOV OEXOVTOL TO KAOEVA, OAANAETIOPOVV Kot LETAED TOVG LE Lo SUVOUN
enovaeopds. 'Eva amdd mapaderypa eivar dvo ioeg pdleg pe tpia ehatipua (ta akprovd idw) onwg 6to
TopaKAToO oynuo. Xt 0éom woppomiog ta eAatnplo Bpickoviol 6To PLGIKO TOVG UNKOG.

Avn o pala drotnpeitarl kapeopévn otn B€on g 1ot deiyveTan VKoL OTL N AAAN KAVEL ATAN OPLLOVIKT

k+k’
m

TaAdvTOon (0.0.T.): ONAAOT PLd NULTOVOELDN GLVAPTNGT TOL XPOVOV LE YOVIOKT GUXVOTNTO Oy =

Av 6pmg Kot ot dvo pdleg etvar eledBepeg va kKivnBovv tote 1 amopdkpouven tov kdbe copatog Ba ivor to
GOpotcpa 6V0 GLVOPTHGEMY NUITOVOL LE SUPOPETIKES YMOVIOKES GLYVOTNTES, Gpa GVVOETN TOAAVTOON.

OI1 OI2
k m k' m i k

Toyad X1 X2

FOROY0D 7~ CO00000D ~ » ~ (I -

Epoapuolovpe to 2° vopo tov Nevtwva oe kabéva amd 1o 600 copota Eeywpiotd. H dvvaun kabe

ehoTnpiov diverar amd to vopo tov Hooke : F,, = —KA/

—kx +K'(%,—x)=ma, (1) —kx, —K'(x,—x)=ma,  (2)

[IpocOétovtag maipvoope (1)+(2):

m(a, +a,) +K(x +X,)=0=(a, +a,) + @& (X +X,) =0 (1+2) Omov a)lz\/%

Apapovtag maipvovpe (1)-(2):
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k+ 2k’
m(a, —a,) + (k+2K) (%, —%,) =0= (&, —a,) + @} (X, —X,) =0 (1-2) dmov ®, = m
X+ X,
0 et bt T8RS 3)
, . ¢ Oéonc: N
piovpe 11 véeg petaPntég 0éong X, =% %, L X, - X,
? 2
, , , , A=a+a,
Y10, TIC OTOEG O1 AVTIOTOLYEG EMTAYVVGELS Efvar (4)
A=a-3

Avtikofotdvtag otig (1+2) ko (1-2) PAémovpie 6Tt 01 E1I0DGELG TAIPVOLV TN YVOGTY LopeN TNG EEI0®ONG
NG 0.0LT. Yol TIG VEES HeTafAnTég X1 Ko X2 -
A+a’X, =0 (5) A +w’X,=0 (6)
Apa o1 Woelg tov X1 kot X2 gtvon
X,@)=Csin(let+¢@) (7) xm X,([t)=C,sin(ewt+¢,) (8)

Kot amd ovTég Ppiokovpe T AVom Yo TIG PLGIKEG BEGELG X1 KO X2 ¥pnoiponotwvtag v (3):

X, (1) =%Sin(a)lt+(p1)+%sin(a)2t+(p2) 9

X, (t) = %sin(a}lt +¢) —%sin(a)zt +¢,) (20)

Ot otaBgpég Cy, Co, @1 ko g2 mpocdiopilovtal wg cuvnBmg amd Tig apykésg cuvOnkes BEong (Xo1, Xo2) Ko
TayvTNTag (vo1, V02 ) OV dDGALE GTNV Kabepd omd 116 dVO PACEC.

BLémovpe 0T KoOgpd a6 TIg V0 paleg extehel, 6T YEVIKN TEPinT®ON, pa ovvOeTN Kivion mov
gival 10 GOporopna 0V0 TALUVTMOGEMV PUE OLUPOPETIKG TAATN KOl OLOPOPETIKES YOVIUKES GUYVOTNTES
w1 Kol 02. Apa gktedel ohvOeTn TaAdvTmon.

H po yoviaxn coyxvomra sivor pikpodtepn Kot 1 AN peyoddtepn amd TV YOVIOKN GLXVOTNTO @o TNG
OTTANG OPUOVIKNG TaAGvVT®ong ov Ba éxave N kaBe pala poévn g av 10 onueio otNpiEng Tov PHEGOIOV

ehatnpiov otnv dAAN pnalo NTav otabepd dnAadn 1 AN nalo NTov GTEPEMUEVT] AKAOVTOL.

/k Jk+k' Jk+2w
—< < >0 <0, <o,
m m m

H yevikn mepintwon givor cuvdvacpog Tov d00 TapaKATo ATADV TPOTOV TAAAVTOONG.

1) C,=0: X, =X, = Asin(ayt + @,)
Ta dV0 copata TaAaviovoviar € acn. Kivobvror copperpikd kot ta 600 tontdypova de&ld Kot HeTd
aplotepd pe v ida ovyvotTo wi. Apa T0 peGaio EAATNPLO TOPAUEVEL AUETAPANTO, TAVIO GTO PUGIKO

TOV UNKOG, 0ev ackel dSuvapelg kot dgv emnpedlel T cuyvOTNTO TAAAVTOONG oV EaPTATAL LOVO OO TN

/ k
otafepd tov e€mtepik®dV ehatnpiov @ =,[— .
m
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1) C, =0: X, =—X, = Asin(a,t + @)
Ta codpozo Kivovvtot tantdypove avtibeto (dtapopd edone = 7). Mali gtavovv otn OI ahdd amd avtifeteg

katevBuvoelg ko pali etévovv og avtifeto akpaio onueio To pecaio glatnplo veioctoton T UEYIOTN

ocvoneipmon dtav To akplovd Bpickovtal oe Péylotn emunKuveon Kot avtiotpoga. H yoviakr cuyvotnta

, A , k+ 2k’ . , , , ,
e€apthron Ko and To 600 eraTple @, = - To puoikd vonpa avtng TG cLyVOTNTOG Elvat To €&NG.

Eme1dn to péco tov evotdpesov elatnpiov mapopévet axivinto, icodvvapet pe axAdvnto toixo. Apa 1 Kabe
puélo ektedel omAn apUOVIKY TOAGVI®OOT VO TNV EMidpacT 000 TapdAANAoV elatnpiov, To Eva arnd tao

omoia givar To [od Tov evoldpesov. Moo unkog onpaivel Sumldcia atadepd. Apa 1 100dvvVaun otadepd

Ba sivon k+2k, .

ZVUHETPIKOG TPOTOG AvticuppeTpikdg TpOTOG
0=,
«— —>
i@z@\mm\mﬁ
To evdidpeco ehatiplo dev To péco Tov evolapecov Apa 1codvvapel pe
TAPOLOPOAOVETAL KO dpa Evat ooy va punyv ghanpiov mopapéver aKAOVNTO TOlYO

— — ’ —> <+

k /k+2k’
Ot dVo cuyvotnTeg @ :\/% » 2= m  ovopdlovtor wrocvyvotnTEg TOV GLoTNHATOS. Ot 6o

tpomol taddvtoong Xi(t) kot Xa(t) ovopdlovior kevovikoi tpomor tardvrmong (normal modes),
wavocpata (€igenvectors) 1 1I10popeES TOV GLGTHLLUTOC.

To mapondve moapddstypo mov AOnke amevbeiog pe oyeTkd amhovg alyeBpikovg yeptopols yivetat
apéomc mepimioko av ot dvo paleg doev ivan ioeg, av o1 otafepéc TV elaTnPimV £XOVV OOPOPETIKN TIUN
N av tpocBécovpe GAAN o pdlo oto cvotua. Eva tétoto mpoPAnua sivor yopaxtnpiotikd tpdpfinua
ypoppkng aiyeppoac. I'a ) Avon tov ypnoyomolovvior Tivakeg kot ovoudleTor TpOPAnpo 0pecng
WOOTIUAV Kol 10100VUGUATOV.

H gipeon tov 18106vxvotTOV S10QOp®V GLGTNUATOV (KOTACKELMV, Unyovov, eéoptnudtov, KTipiov,
KUKAOUATOV KAT.) OmOTEAElL HEYAAO KEPAAOMO TNG UNYOVIKNG. Agv BEAovpe Ol 10100VYVOTNTES EVOC
GLGTNUATOG VO EIVOL KOVTA OTIS GLYVOTNTEG TOL TPoEpyovTol and e€mtepikd aitwo (dvepol, celGuol,
dovnoelg, KAT.) tov mepPdALlovTog oto omoio Ppioketal, MOTE VO ATOPEVYETOL TO (PALVOUEVO TOL
GULVTOVIGLOV TO 0010 UTOPEL VO 001 YNGEL GE KATAGTPOPY] TOV GLGTILLOTOG,.

Aoknon
Noa AvBel to mponyovuevo mpdPANua e mivakeg
Avon
['papovpie TIc TpONyoUEVES EEICMGELS, TOVG VOLOLS ToV NevTmva, o€ Lopen Tivako 2X2:
—kx, +K'(x, —x,) =ma, mx, + (k +k")x, —k’x, =0
—kx, —K'(%, —%,) = maz} = mx, — k%, + (K+K)x, =0

(m Oj (1 0]
M = =M ,
0 m 0 1/ Oydviog

}:MX+KX=O

[Tivakag adpdvelag :
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k+k" -k’
I . ) K= .
tvaxog Ztifapomrag : k'  Kk+k']  OOLHETPIKOG

NRETC
Ayvooto diavouopa (e€iowon kivnong): t)= X, (t)

X (t) :[ Xl(t)J :[ AIJ ei(a)t+qz) — ei(cut+(p)A ,
AOKILOGTIKN AVon : % (1) A

. X, (t 2 i
Mapbywyot : X(t) = ?fl( V[ A d—z(e'(“’”“’)) =—o° A e' () — _® X (t)
%, (t) A,) dt A

H e&lowon yivetan

MX (t) + KX (t) =0 = &' KA=ma’e' A= KA=mo’A (1)

To va Bpeig dStavdouato oto omoia 1 dpdon tov mivaka K €yel g pdévo amotérecpa vo to tolhamiactalet
Le £vay optdpd Mew? Aéyetot TpOPANLLL IOIOTIRAOY Kal 13100VOGRATOVY

(K—o?M)A=05 k+k 7mof 5 {Aj:[oj
—k k+k —mo? |\ A 0

_ (k+k —ma?)A -k A {o}
K A+Kk+k —mot)A ) \0) (1

To mapandve givar £va opoyevég 2X2 ypappikd cvotnue Elo®@oemy to omoio eite dgv €xetl Kapio Avon
otav ot dvo e&lomaoelg givarl aveEdpTnTeg Kot dpa deV LTOPOVV VO IKOVOTOLOVVTAL TAVTOYPOVA, EiTE £)EL
dmepec AOGEIS OTO 01 0VO €ELGMTELS glvat 0VGLUGTIKA 101E¢ (1] o TOAAATAGG10 TG GAANG), apa Yo KAOE
X1 VIhPYEL TAVTO VO KATAAANAO X2 doTe va ikavoroteital 1 e&icwon. H cuvOrkn yia va 1oydet To dgdtepo,

onAadn va vdpyovv AoeLs, stval 1 opilovso Tov GLGTAUATOG Va Efval UNOEV.

K+k'—ma? —k’

det(K —0*M) =0 = ,
K’ k+k'—me

=0=(k+k'—mw?)*—k'*=0

Avtn givon pa dgvtepofdda eicwon n Avon g omoiag pog divel Tig WOTYEG TOL GLGTILATOS. LTV

nepinton pog n Avon Ppioketon moAd vkoia Kabdg 1 dsvtepofaduia eivor 1M O10POPA TETPAYDV®V.

(k+k —moY -k 2=0= {k+k' —ma)z—k'ﬂmk' —mw2+k'J:o:, [k—maf“mzk' —ma)ZJ -0
. K "

ol =— o, =, |—
1m 1 m

K+ 2k’ /
+ !
C()22 = - W, = K —:nZk

Avtég givar ot 101oovyvOTNTES TOV GLOTNUATOC (1d1EC e TPLV). ANAOT OV TO @ TNG SOKILAGTIKNG AVONG

Exel anTéG TIC TIEG T0TE M e&iowon (17) ko dpa ko 1 (1) pwopet va ikavomon0et.
Avtikabiotovrag oty (1) v kdbe 1ot Ppickovpe To 1O100VOCUATO TOV GLGTHUOTOS ONANON TIC

e€lomoelg Kivnong .
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!

K
kek —mE k .
m k {AIJ ei(wH(p) :[O} = k ; _k’ [Aij =[0] —
K kak —mE LA ) {-k Kk JLA) 0

m

= k'A-k A =0=A =A,

Apa éva dtdvuopa Tov €xel ioeg cuvictwoes. [aipvovpe avtd mov €xel pétpo 1:

, . 1(1
[Ipoto wWwdvooua : X, =—=

21
© K42k :
k+k —m K , ,
- | [AJeKMZ(O]: & [AIJ{O]:
' : k + 2k A, 0 -k -k J\A 0
K kK+k —m

m

=K A+k A =0=A=-A

Apa éva otbvocpa mov £xetl avtifeteg cuviotacec. [laipvovpe owtod mov Exet pétpo 1:

1
Agvtepo 0bvoopa @ X, = i( ]

J2(-1

1 1
[Mapatmpovpe 61t T S0 dtavdcuaTo [J Kol ( :J :

1) Eivon ypoppikedg aveEdpmta : VA eR= X; # AX,

1
2) Etvan kd0eto, petofd toug: X, - X, = XX, = %(l 1)( J = %[1-1+1~ (-1]=0

Av10 glvan éva yevikd cvunépacpa. Ta 1d100vicpata evOg TPayUATIKOD GUUUETPIKOD TIVOKE OTOTEAOVV
pa opBokavovikn fAcn 6To S1VUGUATIKO YDPO TV AVGEWV TOV GVoTHHaToS. Kdbe Ahon tov cuotpatog
elvar évag Ypopkdg GuVILAGUAG TOV 1WO100VUGUATMV TOV GUGTILOTOC.

. . a (1) . b (1),
Ondte N yevikn Ao eivon @ X (t) = aX,e' (") 4 pX e'(+e) = | = |giletra) | _— g!(watrez)
1 2 \/5 1 \/E 1
Ene161] evolapepOLOoTE Y10 TPOYUATIKEG AVGEIS UmopovpE va emAéEovpe gite To mpayuatikod (Re) gite 1o
eavtaocTtikd uépog (Im) g mapandve ékepoone. Eniong katolofaivovpe 6t n téve (1M) cvvietdoo tov
dravdouartog givar 1 e&iocwon kivnong tov copatog 1 kot 1 kato (2") tov chuatog 2.
‘Etol éqovpe
x ) =ImX®], = Im[axlei(”l”"’l) +bXZei(‘”2“¢2)] =
iml 2 cos(aot +¢@,) +isin(ot +¢,) b ( cos(o,t+@,)+isin(a,t+¢,)
= —_— + —_— =
V2 cos(ayt+ @) +isin(ot+¢) ) 2| -cos(ot+p,)—isin(wt+p,) )|

=m{j%@mq@;+%ynsm@4+%»+$%amqm;+%)+mm@4+¢gﬂ=

_ 8 sin(at+ o) +—sin(w,t+ ¢,)

V2 V2

xgo:mﬂxmkznﬁ}&wwwuhxgwwwl:ilmmm+%y_igm@uﬁy

V2 V2

[Taipvovpe TaAL T1G 101EC EKPPACELS LLE TTPLV.
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Aocknon
Bpeite 11 1d0tpnég tov mapoakdto cvotiuoatog. EAéyEte Ot1 maipvetre v amdvtnon Tov ALUEVOL
napodeiypotog g Beopiag yio m =m, kot K =K,.

oI1 O12
ki my Ko m, | k

2 2
Anévinon o, 1] k +ky N K, +Kk, N ki +ky K, +ky N 4k,
2 m m, m, m, m,m,

Aocknon
Bpeite 11¢ 1010T1HéG TOV TOPOKAT® GUGTAUOTOC.

o1l o1
K m : k m Kk

\@Q&@f—\@mf—

Aoknon

Bpeite 11¢ 1010T1HéC TOV TOPAKAT® GLGTHUATOG.

BI1 ®I2
k m k m i

Aoknon

Bpeite 11 1010T1HéG KO TO 10100VOCUATO TOV TOPOKAT® GUOTHUATOS XWPIG TN YPNON TIVAKOV KOl LE TN
xpPMON TVAK®V

®I1 ®I2

m,m,
m, +m,

1 (1 1 | YV m,
X, =—— , X, =— omov M =m +m, kou r=—=
M [J I v o m,

. fk
Andvinon o, =0, @, =, |—, 6mov u=
u

m O

0 mivakog Tov palov
0 mz]

Ynode1én: 10 ecmteptcd yvopevo eivar X, - X, = X, 'MX, 6mov M ={
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