Akopunto oo oegh. 1/41

AKAMIITO TQMA (Rigid Body)

I'evika Yo TOo GKOpTTO CONO.

Opi6uos AKOUTTOV COUATOS 1] 100VIKOD 6TEPEOD: 'Evo c0GTNIA OUATIOIMV TV 0moimVv ot peta&h Toug
amooTdoelg oaTnpovvtal otafepsés. AnAadn £va 10€0TO GAOUO TOL OEV TUPAUOPPOVETAL OAAGL KPATAEL
oTafepd TO GYNLLO TOV AGYETMG TOV SOLVAUE®DY TOV TOV O.GKOVVTOL.
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Ot duvapelg petald Tov copaTdinV (Lopimv) TOL 10VIKOD 6TEPEOD ovamapicTavTol Le afapeic AKAUTTES
pAPOOLS OV deV EMTPEMOVY GTO LOPLEL VO LETAKIYNOOVV amd Tig OYETIKES BEGEIS TOVG

To Gkapumto copa amotelel 101KN TEPITTM®OT GLGTHIATOG COUATIOIMV Kot pa OGO EYOVE AVAPEPEL YO
TO. GLOGTNULOTO COUATIOIOV GTO TPONYOVUEVO KEPAANLO 1GYVOVV KoL Y10 TO GKOUTTO GO

Edwkotepa, 1oydovv ot duvauikéc e€lomaoelg Tov Nevtwva ot onoieg €dd ovopdlovtal eElcmoeig Euler

dP ~

% =F.  1"e&icwon Euler
i ,

E =T, 2" e&icwon Euler

T'wviegg Euler
[Ma v meprypagn Tov cupmayovs coOpatog OPMS ypetdlovior pdvo 6 petafAntéc:
Tpelg apdpol yio tov Tpocdiopiopd tng 0£omg tov kévipov paleg tov Ry = ( R, R, RZ) Kol

TPELS YOVIES Y10 TOV TPOGOLOPIGLUE TOL TPOCAVATOAIGLOD TOV.

AALoyn LOVO TOV TPOGAVATOAIGHOD €VOC CUUTOYOVS CAOUATOS OMUAiveEL OTL £vol oNUEl0 TOV TOPAUEVEL

axivnto. 'Evog tuyaiog TpocavatoMopidc tov cuumayohs umopel vo emrevydel pe Tpes oTpoPEs.

"Evag tpomog d1000yng TV 6Tpodv givar ot ywvieg Euler mov avtiotoyodv o akolovbio oTpo@®v Z-X-2Z

: GTPOPN KATA o YOP® amd ToV dEova Z, 6Tpoen Katd £ YOpw amd tov dEova X, GTPoPN Katd y YOp® amrd
!

tovéatovaz: T =R, ()R, (AR, (a)F
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O1 dV0 TpdTES OTPOPES TOTOBETOVVY TOV EOVA Z 6T VvEa Tov BEom ka1 31 oTpoPN TEPIOTPEPEL TO GTEPED
YOpw amd Tov AEova Z Ko PEPVEL TOVG AEOVEG X, Y 0TV TEAKT Tovg BEo.

Kavovikég yovieg Euler : a, v uetantmon (precession)
B, 0. xhdvnon (nutation)
y, . ovotpoen (intrinsic rotation)

"Evag GAA0G TPOTOC S1000YNG TOV GTPOPDYV, TTOL YPTCLUOTOLEITAL TNV 0EPOTAOTN KO TNV VOWGITAOTa, Elval
aKoAoVBia GTPOPMOV YOP® ad TPELS EEXWPIOTOVS AEOVEG X-Y-Z !

l_Z

Pitch Axis

RS

2 v

Roll Axis *
Yaw Axis

T'oviec Tait-Bryan 1 yovieg Euler (oxéto) : w: extponn | mhaywa otpoor| (Yaw, heading, bearing)
0. mpdvevon M khion (pitch, elevation)
@. meploTpoPn N dratoryiopdg (roll, bank)

"‘Evoc mAdtog pmopel vor eKTEAECEL KOl TIC TPES OTPOPEG EVD €VOG KOATETAVIOS £YEL T SLVATOTNTO VO
EKTEAEGEL LOVO €KTPOTT KOONDS TO TAOI0 TPEmeL va £yl 0TABEPO TPOGAVATOAGHO MG TPOG TNV EMLPAVELL
tov vepov. KAion 1 dwatoyopdg yuo mhoio givar avemBbunta kabmg pumopet va 001 y1coVV GE AVOTPOTY|
TOVL TAOLOV.

Ocwopnua Euler
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Kd0e mpocavatoMopog evOc AKOUTTOL COUTOS (GTPOPT| e £va onpeio ToLv coOpaTOg 6Tafepd) umopet va
emtevyDei pe pio otpoPn YOp® amd KatdAinio d&ova € mov mepvael amd To akivnTo onueio.

R, ("R, (AR, (@) =R.(0)

Ilivaxes oTpopav

Motk otpoen (oAAdlovv ot Gfovec avagopdsg, OAa to dtavoopota pévovv ot 0éom tovg),
0££166TPOPOV GLOTNUATOG CLVTETAYUEVOVY, avOmPOLOYLOKA, YOP® amd TOV dEova Z.

Ao 10 TopoKaT® oyua PAETOLUE OTL :

’ !

X =XcoSa+ysina , y =-Xsina+Yycosa , Z =1
!
X cosa sina 0] x
!
e popen mivaka: | Y | =| =sina cosa O||y
!
7 0 0 1){z
cosa Sina O
Apo o Tivakag otpoeng givar yopw amd tov dEova Z givar 1 R, (a) =| —sina cosa 0
0 0 1
Avrtictolya, amd To avAaAoYo CYNLOTA, Y10 GTPOPES YOP® ard TOVS AEOVES X Kot Y TaipvouLLE:
1 0 0 cosa 0 —sina
R,(¢)=| 0 cosa sina|, R, (@)= 0O 1 0
0 -sina cosa sina 0 cosa

O1 mivakeg oTpogrc sivar opBoydvior mivaxse : det R =1, RRT =1=R™* =R’

Avvauelg Tave 6€ AKAUTTO GOUA.

Z.gvyog duvapemv ivar 600 avtifeteg duvapelg Thveo o dtopopeTikog popeic. H pomn| tov Levyovug ivan
r=Fd 6mov d n andotacn peto&d Tov popéwv tov duvdpswv. H porn avty givar idwo yopo amd kdabe
onueio. Apov N ovviotapévny dHvaun evog Cevyoug sivol mpopavdg unodév, éva (evyog dev pmopel va
HETOKIVIOEL VO AKOUTTO GOUO Tapd PLOVo va. 1o teptotpéyel. [lapapévovtag oto 1010 eminedo pmopodpe
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VO KUAIGOVE TIG SQUVAELS TAV® GTOVS POPELS TOVG 1Y/Kat va Tteplotpéyovpe pali Toug Popeig Tovg ympic
va petafAndei to arotédeoua Tov {gbyoug.

Toodvvapo Cevym.
(Eivau 16000vaua kot [e o0To To0 TPOoNyoOUEVOD CYIUATOS)

[Mpdypott m oAy pomp tov  Cedyoug yopo ond toyato onueio O givan

T =T x ﬁ+r2x(—ﬁ)=(rl—r2)x F= r=F|i-F[sin6=Fd .

Z£hyog SUVAUEDY 0oKOVUE UE TO oTAVPS Yo va EERIOMGOVIE TO. LTOVAOVIL TOL TPOYOL TOL BEAOLLLE VL
aAraEovpe Otav mhbovpe AdoTiyo.

EbdkoAla omodeucvoeton to e&fg Oedpnua : To chvoko tov eEwtepikdv duvapeov F,F,,..,F, mov

0OKOVVTOL GE VO AKOUTTO GO WTOPEL TAVTA VO ovTIKOTACTOOEL 0o

1) pia dOvapn, m ocvvictapévn F, = F +F, +...+ F,, 1 onoio o aokeiton o€ £va omotodnnote onueio
P tov copartog kabopicovpe gpeic

2) ovv éva evyog duvapemv mov £xel porl| 7 =T, xF, +T,xF, +...+T,xF, 6mov ta I;,,,...,F, ivon
Ta SovoopaTo ToL GLVOEOLY To onpeio P pe ta onueia epapproyng tmv Suvapemy.

Mg Bdon 10 mopomdve UmopodUE TAVTO VO OVTIKATOGTI|GOVUE OAEG TIC OLVAUELS HE pia povo,

GLVIGTOLEVT TOVG, TOV AGKEITOL 68 GLYKEKPLUEVO onpeio To omoio pumopodpe va tpocdtopicovpe. I1y.

£€0TM 0L TPEIS OLVALELS TOL GYNUOTOS TOL OIGKOVVTAL OTIG GLYKEKPIUEVEG BEGEIC GE oYEom Le TO KEVTPO

pégog (CM).

H ocvvictapévn F’M

FO;L Z:svyog pe pomn
[

[Cpapovpe Ty ohikfy porth| 7, = xF, +F,xF, +,xF, = F ,d A, cav va mpoépyetar and &vo, {gvyog tov
onoiov o péAN eivan foa pe mv F, xon dpa pe poyroPpayiova d =7, /F, . To Sidvoopo A Seiyvel

KkdOeta 61N oedida mpog Ta péca (deEtvatpoen pomn). Balovpe t cvviotapévn va ackeitol 6To KEVIPO
pélog (apov kveitor copemva pe avtv). To (evyog dpmg propovpe va to BaAovpe Tdve 610 AKOUTTO
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ocopo onmg 0éhovue. To torobetodie doten —F , va eivar oto CM ko va eEovdetepdvet Tn cuvicTapévn.
‘Etot tehkd :
E F .

1

Otav 1 cvviotapévn Tv duvapemy gival ion e PNdév, 11 GUVIGTAUEVT TOV POTAOV TV dVVAIE®V gV givat
vroypewtikd undév. To CM avaykaotikd oev Oa emtoyOVETOL OUMG TO GO0 UTOPEL VO EYEL YOVIOKT
emtdyvvon yopo ard to CM Aoyw twv portmv. Oleg ot Suvapels avtikadictavTot pe pio pomr| T GUVOALKY
pomn 7, N av B&hovpe 160d0vapa pe éva (gvyog duvapewy 7, =Ex K+ xF, +LxF,=Fd A, pe ta F

kot d ovbaipeta pe 1o pdvo meplopiopd to yvouevd tovg va eivar ico ue Fd =|7, |

Kwiogig akapmtov copatog

Meragopixy kivigan : Olo ta onpeio T0V GKOUTTOL COUATOS KIVOUVTOL GE TUPIAANAESG TPOYIESG ONANON
&yovv TV Ot TaydTNTO KO EMTAYLVON £T01L MOoTE KAOE gubeia TOV gvvel 6O oNUEIN TOV GMOUATOG VO
pével TapdAAnAn oy apykn g 0éomn. O mposovaToMGog Tov copaTos dev aAralet. [Ipokdntel amd
pio Svvopn Tov aokeiton 6To KEVIPO Halag

Apa Af, = Ay = ATy = U, = U5 =Ugy =8, =85 =8gy

2Tpogikij kivyon : Olo ta onpeio TOV AKAUTTOV COUUTOG EKTEAOVV KUKAMKEG TPOYLEG YOP® ATtd AEOVH TTOV
ePVAEL amd £vol aKiviTo ONUEID TOV GOUATOG. ZTNV GTPOPIKN Kivnomn OAa To onUEi0 TOL GTEPEOD £YOLV
KOWN YOVIOKN TOYOTNTO @ KoL YOVINKY EXLTAYLVOT o 01 0Ttoieg Bpiokovial Tavm 6Tov AEova TEPLGTPOPNG
7oL epvhel and 10 otabepd onueio (av o aZovag mapapével otabepdc Exovue emimedn Kivnon yio O o To
ONUELD TOL GOUNTOG). TNV TEPICTPOPT O TPOGOUVATOAGHOG TOL cOpOTOC oAAdlel. TIpokdmtel and Eva
Cevyog duvapewmv.
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r=r,, r =7 +dr

Ta pétpo tov 1 mapapével 6tadepd oTIC GTPOPES : |?A| = ‘FA, ‘ =r.
H petaforr] dr tov F gival KAOETH Ko 6T0 F KoL 6TV @ WE T Qopa Tov T0E0L pdh TOov GYNUATOG KL TO
uétpo g etvan |[dF| = pd@ =rsing- dO =rsing- wdt . ZvuPorifovrag mv yovia otpoeng wg dd = aat

moipvovpe :

dF = ddxF =@ rdt = IF

H oyéon avt woydet yio ka0e otabepov pétpov dtbvucpo A TPOGOPTNUEVO TAV® GTO AKOUTTO GO0 TOV

neprotpépetor pali tov. O ypovikdg puOuog petafoing Tov g mTPog To adpavelokd (akivnto) cuoTnUa
dA

Oxyz Ba givor Loy ™G meptotpoens: | —— | =

x A
dt
0

]!

g éva ovomuo KX'y’'z" mpocapmuévo Tavm 6To GTPEPOLEVO GMOUA 1| LETABOAN TOV A 00, givor UNOEV.
To pétpo tov dev aAAdlel apov givar oTabepol HETPOL KL OVTE O TPOGAVATOAGLOS TOL G PO To KXy 'Z”
EMEWON TO GUGTNLO CLVTETAYUEVOV TEPLOTPEPETAL Loll TOV.

. dA
Apo yio. A otadepod pétpov : i 0

K

Av 1o Sdvoopa A dev eivar otadepd oAAd petafdileTar 6To mEPIoTPEPOEVO cuotnue KXY 2" pe kémoto

dA

poouo E # 0, 161e 1 Ypoviky petaPfor) TOL G TPOC TO AdpavELaKd GVOTHIA avaPopas OXyZ Ho
K
glva To dBpotspa twv 600 peTafoAmY :
dA Al . -
—| = —| +oxA (1)
dt dt
[0} K

H oyéon avtn eivor modd yprowun yuori 6nwg Oa dovue mopakdto, cuyva pog Poiedel va PAEmovue v
kivnon and éva cvuotnua aEOVOV 6Tadepd TPOCSUPTNUEVO TAVEO GTO GO, TOL £XEL O aPYN TO KEVIPO
puélog Tov GLOTAUOTOG Kol OOTEAEITAL OO TPELS 0pBoY®dVIONS AEOVEG OTIG KatevOHVOELS TV KLpimV
aEOVmV TOL CAONATOS, MG TPOG TOVG OTOTOVE O TivaKag adpaveLdg ivorl dloy®Viog (Yio Tivaka adpavelog
KoL KOp1ovg a&oveg Ba mode TapakdTm).

Kootag diunmidong Hoavemotuo Avtikig Maxedoviag — Tpuqpa Mnyavoldyov Mnyavikev



Akopunto oo oeh. 7/41

AANO €va xpNGULO TOPIGHO EIVOL OTL OV EVOL GO GTPEPETAL YOP® ad aKiviTo oNUEID TOV A e Y®OVIOKN
TaxOTNTO @ TOTE GTPEPETOL LE TNV 1010 YOVIHKN TayOTNTA YOP® Kot 0d 0To1001moTe GAAO onpeio Tov B.

ZTPOPIKN HOVO ZTPOPIKT) GLV UETUPOPIKT
‘Ecto 011 10 cOp0 TEPIGTPEPETOL LE YOVIOKT] ToyDTNTO YOP® omtd otafepd AEova mov mepvael amd TO
onueio A.
H taydmta tov onueiov P (kou kdBe onpueiov tov codpatog) wg mpog 10 A, yup® amd 10 omoio ekteAel
KUKAIKN kivion etvar :
Upjp =OXT
— !
Oupwg F=b+r ondte:
Opyp = @OxF =x (O +F)=dxb+adxr (1)
Oupwg amd tov 0p1opd TG GYETIKNG TOYVTNTAG, 1) TOYVTNTA TOV P ©¢ Tpog to A glvar iom pe v taydtta
0V P @¢ mpog 10 B cuv ™ oyetikn tayvtto tov B og mpog to A
Upia = Upjg +Ugja = Upjg +@xb )
Xvykpivovtog tig e€lomoetg (1) kot (2) maipvoovpe
Upjg = OXT'
Anladn o onueio P ektelel mepioTpoen e Yoviakn ToydTnTa @ YyOp® arnd to B.
AV 0A0 TO GKAUTTO GOU EKOVE KO LETAPOPIKN Kivnom, OnAadn o 4Eovog meEPIGTPOPNS KVoOVTAY LE
TaxOTNTA VA/O OC TPOG KATO10 onueio avapopdg dev Ba dAlale Timota otV Topomdve amdoeln :
— ! — !
Upjo =Upjpa T 0p0 =OXT+0y0 =X D +T )+0,0 =0XD+DXT +0,, - L
~ = Upjg =X T
Upjo = Upsg +Uga +Upo =Upjg + O XD + 0,
Ao puown droyn avtd onpaivel 0t ot ubeieg AP kot BP oto 1010 ypovikd diotnua Ba mepiotpapovv

Katd Vv 1010 yovia.

29vlety Kivyon : M yevikn kivnor evOg AKOUTTOL COUOTOS UTopel mavTa va avaAvBel o pia petapopd
GLV L0 TEPIOTPOPT] YOPp® omtd otrypaio dEova mov mepvdel amd onpeio K tov oodpatog (o omoiog a&ovag
umopet eniong vo oAAdlel mpocavatoiiopd). [poxvntel and pia dvvaun ovv €va evyog duvapemv.
Avagopikd pe t1g ovuvBeteg Kivioelg, Ba avapépovpe povo ™ ofovpa kot Bo aocyoAnBovue Aemtopepdg
povo pe emimedeg Kvnoelg (o a&ovag 6ev aALALEL TPOGOUVATOAMGLO) Kol EWOIKOTEPO LLE TNV KOALOT
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= FA = O—K + K—A

F, =0A =OK +KK +K'A’

H petafoln tov davicuatog Béong evog tuyaiov onpeiov TOV GONOTOS TPOKVMTEL OO TIG EMUEPOVS
petafolréc g emaAinAiog Twv 600 KIvoE®V:

|

dr =dr,...., +dr._.,
dr 000, = ATk oo yro OAoL Ta onpeio Tov 6TEPEOD

dr, ., =doxT = xrdt
"Etot yio v todnta evOg onpeiov tov akapmtov cmpatog 0o woydet

L - . o - ar .
dr =dr,,., +dr_ =di,. +&x¥dt =0, dt+ox fdt = i U +@OXT

U=0 +oOxT
Av aArGEovpe onpeto K, n taydmtd tov U kot 1o T B aAAGEovy Opmg ) w dev Ba aAldEer Ommg deilope

napomave. Qo emhéyovpe oc K 1o kévipo pnalag tov copatog CM kot dpa yio tnv tadTnTd ToV TUYaio
onpeiov Ba ypdoovpe:

!
U=0Uq, +@xT

Onov wg cuvnBmg F' elvar n oxetikn B€om tov onpeiov wg mpog to kEvpo paloc.

IeproTpo@ikn Kivnon

Kivnuaziky nepiotpogikijg kivyons, cvovoyn

Q¢ TEPIGTPOPT EVVOOVE TNV KLUKAIKY| TEPIPOPH GLUTOYOVS GOUATOS YOP® Ao AEOVA TOL UTopEl va
TEPVAEL 1] VO UMV TEPVAEL LEGA OO TO GO,

H xwnuotikn g meplotpoeng eivar ovt) tng KUKAIKNG kivnong. Av @ elvar n yoviokn toydtnto
TEPIGTPOPNG YOP® amd a&ova mov mepvael and otabepd onpeio Tov otepeov O, TOTE Yo KAOE oNpELO TOV

, . , , . . , ds do dw
oTEPEOD OV UTEYEL ATOGTOCT p OO TOV AEOVH TEPLOTPOPNG Ot oyvEL: L = % % % g
49—£:>s—9 :>d—s— a9 L=wp

P Pz P
AWvVoopaTIKG : [0, = OXT;
, , ] dvo dw
Emutpoyia emtdyvvon: a, = Py = |a,=ap
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2
v
Kevtpouodrog emitayvvon: a,=—= o* o,
yo,
Métpo emdyvvong : a=,/a’+a’

Xvvinog emthéyovpe Yo dEova z tov dEova mepoTpoenc M. @ = (0,0, w) .

Kivynixiy evépyera meprotpogpijs (rotational)
H xvntkn evépyeia mepiotpoeng dxapmtov cdpatog Bo tvat 1o ABpOIGHA TOV KIVITIKOV EVEPYELDOV OA®V
TOV ONUEI®V TOL GTEPEOD :

Ky :Z%miui2 =Z% mipiza)2 =%a)2[zmipi2J =Ky =% Izco2

H nopandve oyéon 1oyvet yia 6teped mov meplotpeépetat YOpw and dEova mov mepviet amd otadepd onueio
oV aAAG Kol Yo dEova EE® amd TO cLUTOYEG oM. AVTO TOL AAAALEL LOVO glval 1 T TOV pey€Bovg Tov

epeaviletoan oty Tapévheon Zmi s

Pomij adpaveiog
To péyebog awtd ovopdletar ponn adpavetog |, = Zmi p? . H pory adpoveiog | eEaptéron omo:

1) t B¢om tov GEova z
2) 10 CYMLLOL TOL GMOUOTOG KO
3) amd TV OpHO0YEVELN KATAVOUNG TG HALaG TOV.
o cvveyn katavour paloc, to dfpoopa yiverar orokAnpoua |, ='[ p’dm v o opodpopen
M

Kotavoun palag eivot fon pe 1, = dJ' pdV , 6mov pe d svpPoricape v mokvomta (density)
\

r r 4 r / ’. r r ,. 2 ’.
Amd tov opropd TG, M POm EVOS GLUTTOYOVS CAOUATOG givar TO AOPOIGHA TV POTTOV M, P TOV LMK®OV
onueiov Tov copatog, PAEmovpe 6t N pomn adpaveiog tkavomotlel v abpoiotikn Wdtta. ‘Etol n ponn
AdPAVELNG £VOG 0TEPE0D OV amoTeLeiTan amd 600 oteped A ko B Ba givan o dBpoispa twv dvo pondv
adpaveiog: I=1,+1;

Ao 10 mopakdTo oynuo PAETOLUE GTL M| YEVIKY HOPON TNG POTNG adpdvelag YOp® amd dEova mov gival
otV d1evbuven tov povadiaiov dtavdouartog f, eivon :
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=M =2 m(x)- (1 ) = m (7 = (5 1))

unkog: OA =rcosf=r- n ,pﬁkog:AP=pi=};sint9=|f;><ﬁ‘

[TvBaydpeto Bedpnua :
OP’ =0A’ + AP =’ = (- )’ +(F x h)’

Emiong yuo Tov vToAOYIGHO pOTT®V adPAVELNS 1oYVOVV TO TOPAKAT® XpNoIa Bempnuara :

Oeopnuo tapdAiniov a&dvev
Av Ic gtvon ) pomn adpaveiog otepeod palog M, mg mpog Evav AEova Tov mepvaeL and 10 KEVTPO palag
TOV 6TEPEOD Kot I 1 pormn| adpaveiog g tpog Evav GALo dEova Tapdaiinio ctov AEOVO TOV TEPVAEL OO
10 KéVTpo palag ko og andotaon d (distance) and avtov tote 1oyvet (Steiner):
| =1, +Md?

o Anéotoon CM omd aova: d = ‘R X ﬁ‘

ri=R+ri’

=1.+Md*+0
’ /4 r r r 14 ! r r 14 Ié
emedN To TeEAgVTOiO GOpotopa givor ico pe unodév Z‘mil’i =0 and tov opiopd Tov KEVIPOL Haloc.
I
[Ipocoyn! To Bedpnua TV TApIAANA®Y aEOVAOV 1YVEL LOVO av 0 £vag armd Tovg AEoves Tepvael and To

CM xou 61 1o Toyaiovg TapdAiniovg dEovec.

Oeopnuo KBtV aEdvev (TOTOG AETTOV TAOKOV)
IMo o eninedn kartavoun palog m.y. oto eninedo X-y kot tig ponég adpaveiog Ix, ly kot Iz yopw amd tovg

opBoydviovg dEoveg X,y Kal Z avTioTotya 1oYVEL =1+,
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Hpogavag: I, = Zmipiz = Zmi (¢ +y7)= Zmi X' +Zmi yi =1+ Iy

Awactaticn aviivon. Ot povadeg g pomng adpévetag sivor [11=kg- m? . Apo 1 pomi| adpévetag evog

GUUMOYOVC GAOUATOC YOP® 0t To KEVTPO palog Tov a pumopet va ypaptel mavta o¢ | = xML?, 6mov M n
ovvolMkn tov pala, L kdmolo yapokTnplotikd pAKoG TOL COUOTOS (OKTiVa, OlydVIog, KAT.) Kot K
ad1dotaTog aplBpdg mov e€0PTATAL OO TO YEMUETPIKE YOPOKTNPIOTIKE TOV CAOUATOS, dNANST TO Gy
TOV Kot ard TOV TPOTO KATOVOUNG TG HALOG GTOV OYKO TOV (OHOYEVAS 1 UN).

YOVOAIKT] KIVIITIKT] EVEPYELD. HETAPOPAS GUV TEPLOTPOPNS YUP® OTO TO KEVTPO palag

Xy nepintoon ovvOeng kKivnong 6mov N TePoTpoPn Yivetor YOpw and dEova Tov TEPVAEL OO TO KEVTIPO
pélag, to omoio petatomileron pe tayvnTa V , TOTE OO TOLG TOTOVS TOV TPONYOVUEVOD KEPAAAIOL Y10
TNV KIVNTIKY| EVEPYELN GUOTHUOTOS COUOTIOIMV EXOVLE :

1 13
K=>MVZ+>> mu?® =K, +K’

2 253

H xwvntum evépyeto og mpog 10 kévipo pnalag ivol TEPIGTPOPIKY|, OTOTE EYOVLE :
' 1 ' 1 ' 1 ' 1
K =K. ==Ymov >==>Ymp 0’ ==0*dmp >==1.0°
R 2 Z: (] 2 Z |p i 2 Z: .,0 i 2 C

‘Etol n kivntwn evépyeta ypdoetat
1 1 )

K=K, +K, =K :EMVCZM +E|°a)
H petagpopwn (translational) kivntikn evépyeia Kr tavtileton pe v Kivntiky evépyeto Tov KEVTPov Palag
K; = Kgy a9od gtvar n kiyntikn evépyeto AOym g KOG To0TNToG V AoV IOV onpeiov Tov oTEPEoD.
H xwntikn evépyeia og mpog to kévipo palag eivor n mepiotpo@iky (rotational) kivntkn evépysio K' = K,
Mia amd Tig TEPUTTAOGELS TETO0V £100VG Kivnong elval n kKOAoN

Av gmléEovpe Eva Tuyaio onpeio ToV COUTOC d1PopeTIKO amd To CM 1oTE OTT™G eidapie To @ dev aAAALEL
aAAG oAAGLEL M ToOTNTO TOL oNUEiov KoL 1) pomn adpavelag TpEmel va AneBel o¢ Tpog 1o véo omnpeio

KZEMV2+1Ia)2
2 2

ZTpo@oppiy

H otpogopun tov otepeod vrmoioyiletar katd ta yvootd ©¢ GOpOIGHa TOV GTPOPOPUDV TOV VAIKMOV

onpeiov mov To amotehovv: L = Z m,(f x0,) . Tevikd n oTpoopn ToL GTEPEOL deV efvar ToPAAANAN pe
i=1

oV GEOVOL TEPIOTPOPC Tov, dnA. L }( @ . Extog av avtdc o d&ovag givar e101kdg omdTe AEyetan KOPLOg

dEovag aopaveiog. Tétowor m.y. elvor ot a&oveg ocvppetpiag daPdpwv otepedv Onw ophoywvimv

TOUPOAANAETTEO WV, COUPDOV, KLAIVIPWOV, KA.

evika:
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E:Zn:miﬁxlji :Zn:m.ﬁx(ﬁ)xﬁ)zzn:ml[(ﬁﬁ)@_(ﬁ@)

i= i= i= i=1

n n
= @Z m.r? —Zmi (X0, + Y0, + 2,0, ) (% X+ Y, Y + 7;2)
i=1 i=1
n 2 n n ) ) n n
L, = a)meiri —Zmi(xia)X +Y,0, + 2,0,)X = coXZmi(yi +2; )—a)yZmixiyi —a)zZmixizi
i1 =) i-1 i-1 i-1

n n n n n
L, =@, M= m(Xo, + Yo, +2,0,)y;, =—0, ). MyX +o, > M +27) -, > myz
i-1 i-1 i=1 i=1 i-1

n

n n n n
L, = a)zzmiriz _Zmi(xia)x + Yo, + 2,0,)Z; = _a)xzmizixi _a)yzmizi Yi +a)zzmi (Xi2 + Yiz)
— i1 i1 i1

i=1

LX I XX I Xy I Xz a)X
Ot oyéoeig avtég dnAwvovy modhaniaciacud mvakev: L=lo=|L, |=|1, 1, 1, o,
L I I I 1)

yA ZX zy 23 z

O mivaxog
ovopdleton mivakog adpdvelog 1 TovueTHG adpavelog Kot PAEmovpe 6Tt givor cuppeTpkdc. Ta Symdvia

oTotyelo Tov ovopAlovTal POTES OOPAVELNS KOl TO, 11 SLoyMVIOL YIVOUEVO AOPAVELNG

n n n
2 2
Ixx:zmi(yi +Zi)’ Ixy:_zmiXiYiv Ixz:_zmixizi
i=1 i=1 i-1
n 2 2 n
Iylexy’ Iyy:Zmi(Xi +Zi)’ Iyzz_zmiyizi
i=1 i=1
o 2 2
szzlxz’ Izyzlyz’ Izzzzmi(xi+yi)
i=1

IMa cvveyeic katavopés palog ta mopamave afpoicraTo LETUTPETOVTOL GE OAOKANPMUATA.
I, = J'(yz +2z%)dm = J'(yz +2%)pdV, 1, =Ixydm :Ixypdv , KAT.

Ye kG0e mepintoon opmg, eoiveror gukoAa OTL N TPOBOA] TNS GTPOPOPUIS OS TTPOS TOV GEOVA
TEPLOTPOPNS EIVOL AVAAOYN TNG YOVIOKIG TAYVTNTOG LLE CLVTEAEGTI OVOAOYIOG TN PO adpavELNG G
npog tov dEova. [L.y. epdcov Bewpovpe mg dEova meploTpoeng Tov a&ova Z Ba 1oyvEt :

LX IXX IXy IXZ O a)IXZ
Ly = Iyx Iyy IyZ 0|= a)lyZ = L =lLo
L [ I I 10} ol

OnodTE Ko 1 TEPIGTPOPIKN KIVNTIKY eVEPYELD Ba YpApeTOL
2
Ky =%Iza)2 =%Lza): L
z
Emeon o mivaxog adpavelog 1 Tovuostig adpdvelog ivol COPUETPIKOS pumopel va dtarywviomoinel. Avtd
onpaivetl 6t yio K40 dxopunto copa vrdpyet Eva tpicopfoydvio cHotnua aEovav pe apyn 1o CM wg tpog
TOVG AEOVEG TOL O0TOToL O TivaKag adpavelng ivar dtoydviog. Ot Tpelg avtol aoveg ovopalovrat KOplot
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G&oveg adpaveiog kat to povadiaio dtovicpatd tovg cvupPodiCoviar €€, E,xatd avEovoa oepd pordv
adpbvetag, . : I, <1, <1,
Av 1 TepLoTPOPN YiveTar YOP® omtd KAmowov amnd avtohs Toug Tpels GEoves, £otm Tov €, !
0
®=0-€+0- & +aw,- =| 0|,

2
TOTE M GTPOPOPUN EIVaL TOPAAANAN LE TN YOVIOKN TOYOTNTO
L, b 0 Ofl O 0
L{={0 I, 0]|]0|=| 0 |>L=alé=>L=10

L, 0 0 I o sl

Levicn popoen g otpopuknis Kivntuki|g evépyerog

[Mopamdve Pprikape T LOPEN TNG KIVNTIKNG EVEPYELNS CTPEPOEVOL GTEPEOD YOP® OO AEOVA, ETIAEYOVTOG
®G a&ova Z TN 61evhuvomn TG YOVIOKNG ToYLTNTAS @ .

0
- 1
o= 0], Ki = > l.®® o dEovag mepvael omd T0 KEVIPO Halag
@
1,1 2y, 2 . : , o ,
Kg = 5 l,o® = E(IC +Md“)o® o aEovag anéyet andotoon d amd o KéEvrpo nalag

‘Exovtag topa ot d1édfeon pag tov tavuoty adpaveiag I, ag Bpodue tn yeviky| Hopen TG CTPOPIKNG
KWWNTIKNG evEPYELOS YOP® amd otafepd onpeio Tov cORATOG Y®PIg Vo BEPNCOVLLE TN YOVIOKT TaXOTNTO
,

X

Tavm otov aEova Z oAAG og Tuyaio dievbuven @ =| @, | . H taydtnto kébe vAkod onueiov i Tov cdpUTog

y
@,

gtvation pe U, = @ x T, . H 6tpo@ikr Kvntikn| evépyeia OLov Tov GuUTayobs odpatos Oa givor

K :%Zmiviz :%Zmiai 0, :%Zmil_ji - (@xT)

210 Babumtd tpumdd Stovuopatikd yivopevo pmopolpe vo petafécovpe KukAkd to dtovdouato 1 vo
AALGEOLLLE T GEPA TOV TOAAATAAGIUGU®V Yopic va aAddEovpe ) Béon TV davuopdtov. H tiun tov
YWOUEVOL OeV OALALEL :

b- (

ax

a- (bxc) xd)=¢- (bxa)
- (bxC)= )
Ke =5 XM (%) =23 ma (Fxi) =2 Ymi x5

O

Q|
O
X
ol

Il
o o
o

~—~~

I
!

Ouwg to dBpotoua Zmiﬁ x U; Ogv glvar mapd 1 OAKN GTPOQOPUT| TOV GOUOTOS YOP® and To otadepd
onpeio meprotpoic 1 omoia eidope ot yphoston L =1 pe I tov mivaxa adpaveiog. Apo

=2 S =La Cok, =16 10

Otav n o glvar otov dEova Z TOiPVOLLE TO TPONYOVLEVO OOTEAECLLOL
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1 IXX Ixy IXZ 0 1 IXZa) l
KR=E(0 0 w)l, I, 1,[/0 =§(o 0 o) l,0|==1,0°
X zy 2z o IZZa)

Av emiéEovpe oG otabepd onueio meprotpoeis to CM kol og cvoTua aEOVOV TOVG KUPLOVG AEOVEC
AOPOVEING TOL GLUTOYOVS GMOUATOS, TOTE 1] GTPOPIKT KIVNTIKY EVEPYELDL ATAOTOLEITOL GTNV £KQOPOCT:

0| o Lo,
1 1, 1., 1.,
0| @, :E(wl w, o) o, =3 |, +E l,@; +E |,

2
0 Lo l,o,

OepneM@ong vOpog 6TPoPIKIG Kiviong — Atati)p1c1 oTPoPopuns

IHepioTpopij yopw ano aéova 7 ue 6talepo mpocavaroricud (apiyng otpoeikn Kivnon, KOAon)

Ao 1 yeviKn oxéon HETAPOANG TS GTPOPOPUNS TOV TPONYOVUEVOL KEPOANIOL TOIPVOLLE:

dL d(l,w) do

_:>TZ: :>Tz: Z—:> TZ=|ZOC
dt dt dt

P0]

omov T =757 givou ) oAk pomn TV EEOTEPIKAOV SUVAE®V (EQOGOV OE®POVLE TIG ECMTEPIKEG SVVANELS

7=

elte KEVIPIKEC €lT€ GLUVOMKNG POTNG UNdEV) kol M TeAevTaior cuveraywyn toyvel 6tav N | mopapéver
otabepn dNA. o d&ovag meploTpoPng Z givarl 6tafepdg OTMC Kot TO GYNU Kot 1 katavour palag tov
GMUATOG.

H oyéon avt eivor n Pacikn oyxéon mov mTeptypaeet Tn SLVOULKY] TOV AKOUTTOV CAOUOTOS Kot glval To
avéioyo g F, =ma yio vikd onpeio.

Awatiipnon oTpopopuiis
BAémovpe 0TL av 10 AOPOIGLA TOV POTOV TOV EEMTEPIKMY SVVALEDV OC TPOS TOV AEOVO TEPLGTPOPNG Elvarn
Unodév tote M TPOoPOAT) NG GTPOPOPUNG MG TTPOG TOV AEOVA TEPIGTPOPNS dratnpeita:
7,=0= l,w=orab.
Av106 pmopet va cvpPaivet :
o cite emewdn ot ponég og Eva cuoTNUA GOUdTOV 0Bpoilovy UNdév m.y. dpdon-avtidopacn Tov evdg
CMUATOG GTO AAAO GTO KOWO ONUELO ETAPNC TOVS
e gite o1 pomég ivan unodév yori n devbuvon twv duvapemy TEPVAEL amd ToV ASova .. dVvVaUN
avtidpaong Tov dEova 6To AKAUTTO GO
Otav duvapelg pe GUVOAKT pomn UNOEV OPAGOVY GE EVa TUYOHO [T AKOUTTO GO Kot AAAAEOLY TO GY LA
N Vv Katavoun g palag Tov dnA. tn pomy| adpoveiag Tov, Yo vo Tapapeivel N otpoeopur| otabepn Oa
TPEMEL VoL OALAEEL M YOVIoKT ToyOtnTo TV omoia. B vmoAoyicovpe amd o oxéon mopOUoln HE TN
ST PNoN NG OPUNG OTIC KPOVGELS :

|l o =l o =0 ="

v aptv pera " uetd uera LV
HETA

IepioTpopirj yopw aro aéova ue un 6talbepo Tpocavatoricuo

211 YEVIKOTEPT TEPIMTOOT TOV £V GCLUTOYEG GO0 UTOPEL VO TEPLOTPUPEL EAEVBEPU GTOV TPLOIAGTATO
YDPO YPNOUYLOTOLOVUE TO GVGTNIO GUVTIETAYUEVOV TOL opileTal amd Toug Kuplovg doveg adpaveiog Kot
ot vopot tov Nevtova ovoudlovrar eEtomdesig Euler

Ed® mapovcidlovion kdmolo moAD vOl0QEPOVTA GOIVOUEVE OTMG 1| METATTMON Mo ofovpag 1 10
Osopnpa Tov evordpecov dova.
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Ocopnyua Merafolns kivyrikngg evépyetas — Epyo — Ioyvg

Onwc amodeiydnke 10 Oedpnua TG HETAPOANG TNES KIVITIKNG EVEPYEWNG YO VO DAIKO onueio, €bkola
QITOOEIKVVETAL KO Y10 £V COGTNLLO GOUATIOIMVY Kot dpa Ko Yio £vo Guumayés copa (amhd tpocsOétovpe
TIG avtiotoyeg e£10MoelC Yoo To Kdbe vAMKO onueio Tov cvotiuatog). To €pyo TG GLVIGTAREVNG TV
duvlpe®mV IOV o€ £va GVUTOYEG GMUA ivol {00 e TN HETAPOAN TG KIVITIKNG EVEPYELNS TOV GUUTOYOVS

GOUOTOG :
W (1-2) :Z{%miuigJ _Z(%miuilz]

Opmg n KivnTikn evéEpyelo VOGS GUGTNUATOG COUOTIOIMV YPAPETAL G 1| KIvnTIKY| evépyela Tov CM cuv
TNV KIWNTIKY| EVEPYELN OG TTPOG TO KEVTPO MALOC 1 OTTOla Y10l GUUTOYES OO EIVOL GTPOPIKT)

K= Lmo? | =imvzeS] Tmo? | = Imves i o2
T\ 2 2 2 2 2
Ondte 10 Bedpnpo LETOPOANG TNG KIVNTIKNG EVEPYELNG Y10 £VO GUUTAYES GO YPAPETOL :

W, (1-2) =%|\/|v22 +% | —% MV,? —% loa? = AKg,, +AK

oPOP
omov V 1 tavTa Tov Kévrpov palag, M pnalo Tov cupmayovg couaTos, lc n pomn adpdvelag yopw amd
10 CM kot w M yoviakn toxdtnto TEPIGTPOPNS OA®V TOV GNUEI®V TOV GLUTOYOVS GOUATOS YOP® OO TOV
oTypaio aova mwov mepvdet and o CM .

H ocvvictopévn dev aokeitoan vroypewtikd oto CM tov cdpatog Kot Ommg €xovpe Ogl, €vo cOLGTNLO
duvdpemv aviikabiototor and T cvvictapévn va opa 610 CM ovv éva (evyog duvdpemv pe pomn
7, = F ,d og xatdAinin amdéotoon d and o CM. Avtictorya kot To £pyo Tng Ba avolvetol o€

We (12) =W cu)@—2)+W, (1-2)
‘Etol 0 mpatog 6pog AK,, oto Ospnua petofoAng e Kivntikng evépyelag pmopet vo Oempndetl ot

TPOEPYETOL OO TO EPYO TNG GLVIGTAUEVNG dpdcac 6to CM kot o devtepog AK amd 10 £PY0 NG POTNG

oTPOoP
7,, TOL LgVYOLG duvApE®V.

"Exovpe 0ei&et 6T1L TO GTOYEUDOEG EPYO UIOG POTING Y10 CTPOPN d6 =do? YOopw and dEova Z, eivon ico pe
dw_ =7 dé = 7,d0 (ce avoloyio pe TO €pyo dUVOUNG YW GTOLKEW®OM peTaTomion  dX
dW, = F.dr= F.dx). Ipdaypatt tote, 10 €pyo pomng (evyoug Yo TEPLGTPOPT TOV GUUTOYOVG CAOUUTOG
amo yovia 01 €mg 62 Ba tvo:

> dd

W, (1-2) = f . dd= rrdé? fl—de Eda)—lrza)da):
@

W, (1—>2)——Ia)2 —%Ia)l
omov I 1 pomn adpaveiog yopw and tov dEova Z.
Mmnopovpe va Todpe dNAaoN Tl GTO CLUTAYES GO, TO OeDdpM LETAPOANG TNG KIVNTIKNG EVEPYELNG
woyveL Egxmplotd Yo v petapopikn tov CM kot yo rnv oTPoPIKN Kivnon yopw ond 10 CM
We oy @—2) = MV2 —% MV,?

W, (1—>2)_ Ia)2 ;Ica)f
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Eme1om 1 otoyeiddong petatdmion dr evog vAKoD GNIEIOD TOL GLUTOYOVG CAOUATOG TOV KAVEL cHVOETN

Kivnon eivat to GOpotopo TG LETAPOPIKAG Kol GTPOPIKNG TOV petatdmiong dr = df#m vop T dfmo(p , TO

£pyo kaBe pepovOUEVTG OUVOUNG TTOV dPO GE EVOL CLUTAYEG MMM GTO GVYKEKPLUEVO onpeio Ba ivat:
dW. =F. dr=F.dr,,  +F-di_,, =F-di, +F- (dxT)
omov T 1o didvucpa and To CM mtpog to onpueio epappoyng g F. 'Etot éxovpe :
dW. =F. dr,, +F- (ddxF)=F- dr,, +df- FxF=F. dr,, +7. - dd =
dW, =F - di, +7. - d =Fds,, +7,d0
omov F; n cuvictdca g F mopdiinia pe T petardmon tov kévipov udlagdsy, otz n pomi thg
dvvapng F og mpog tov a&ova Z mov mepvdietl amd 1o kévipo palas. To €pyo e F Ba eivat:
S
W, jo F dsey, + j: £.d6

H 1oy0¢ ™ ¢ dvvaung F Ba eivar:
p:dWF:ﬁ.drﬂ_Ff.d_e_*.* z
dt dt dt
ITy. KoAwvdpog axtivag R kudder yopic vo ohicBaivel g opiloviio ddmedo vd v enidpacmn optlovTiog
otafepng dSVVOUNG OV aokelTol amd Vi, Tov EgTuAiyeTat Ywpig va oMcBaivel Tdve ctov KOAVIPO, o€
andotacn r=R/2 amd to kévipo udleg tov. Otav o kKOAIVOPOg KuAdeL xwpic odicOnon 1oydel S=RE.

A 4

To cuvoiko €pyo g F 6tav to CM tov kvdivopov petatomiotel katd S eivat:

W, =[ Fds+j:7d0=Fj: ds+FrJ:d9:Fs+F§9:§Fs

Metantmon yopookomiov (cfovpa 1) 6Tpofog)

Av yboete TV 160ppoTio GOG KAVOVTOG TOONANTO oTPiPeTe Alyo TO TIHOVL TPOG TNV avTifeTn TAELPA Kot
mv EavaPpiokete. Tig oTpoég TIg maipvetar Mo gvKoAd av TAayldoete Alyo t0 modoniato. Ewdwd yio
UNYAVES TTOL £XOVV TTOAD PEYOADTEPT AL Kot TAVE e TOAD UEYUAVTEPES TAXVTNTES Y10 VO GTPIYETE TPEMEL
OTMGONTOTE VO TAAYLAGETE TN Unyovr. Mia 6fovpa mov meptotpépeTal YOpw and Tov €0Td TG Uropel va
TEPLPEPETAL GTO TATOUA GE TAY10, OEoT.
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Circular motion The right-hand rule indicates
of flywheel axis 10 Flywheel lhalh‘ =‘ r;( F=rx Mgis
(precession) <;E‘> in the xy plane.
| Flywheel ~
! axis L X
e <= pe
" Pivot — Y,
L . L7 \
Path followed - _‘_ = ‘\\
by free end of | | . @ | Rotation of M
axis — flywheel =
When the flywheel and its axis are stationary, Mg r ;

they will fall to the table surface. When the
flywheel spins, it and its axis “float” in the air L. ‘

H oBovpa yupilel e mAdyla B€om Kot To Yupookdmo pe Tov dEova Tov evielmg oplovtiog. Ouwmg Kot o
000 dgv TEPTOVV. AV TO TOPATAVED CAOLOTU OEV TEPIGTPEPOVTAV, TOTE AV TO TAAYLALaTE KoL Ta aprjvate Oa
EMEQPTAV.

(@) Nonrotating flywheel falls (b) View from above as flywheel falls

- v

<

dL (Z. =0)

dL = 7.
Pivot dl Li

X

Q/

| — / o Flywheel
— w J<2 Path of free end
When the flywheel is not rotating, its weight I|I1 falling, the flyw hveel rotates about the
creates a torque around the pivot, causing it pivot and thus acquires an angular momentum
to fall along a circular path until its axis rests L. The direction of L stays constant.

on the table surface.

H &&niynon eivan 1 1w pe v koA kivnom dopveopov o omoiog oev mEPTel ot I'm aAld Teprpépeton
YOP® TC. AV 0 30pLEOPOG dgV glxe apykn ToydnTo (opun) o émepte katevbeiav otn I'n. Otav dpmg Exet
tayvtnTa KAt otV gvbeio mov Tov evavel pe ™ I'm emedn n dvvaun g PapvnTog ivor KEVTpKN N
emtdyyvvon mov Oa wpokadei Oa sivar kAN oV TayvTTA. Anladn 1 pnetaforr tng opung dp = Fdt eivor
KG0etn oTo dtdvuoua ¢ vadpyovoag opung dp L p. Otav n petaforn evog dtavdopatog ivarl kabet o€
aLTO, TO HETPO TOL OAVOGLATOG OeV OAAALEL, oAl TO dtavuopa Yupilel YOpw yOpw.

To ddvoucpa mov eptypdpet TNV kivnon tov yvpocskormiov etvar 1 atpoopur Tov. Otav T0 YVPOCKOTLO
TEPIGTPEPETAL YOP® OO TOV KUPLO AEOVA TOV £XEL GTPOPOPUN L|F.H pOTY| IOV TPOKAAEL TO BAPOC TOV
7 =Fx Mg otav Bpicketon oe mhdyla § opidvtia Oéon sivor kGBetn ot otpopopun tov di =7dt L L
dpa dev pmopel va aAla&etl To pétpo g oAl povo ) d1evbuvon . To copa dev méPTel aAAd 1 pomy
0V Bépovg Tov yupilel YOP®-YVOP® TOV AEOVA TEPLGTPOPNS TOV (ThVe GTOV 0Toi0 PPicKETAL ) GTPOPOPLLN).
Avt 1 Tpdcbetn TEPIGTPOPT| TOL GEOVO AEYETOL PETATTOOT (Precession).
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(a) Rotating flywheel (b) View from above

When the flywheel is rotating, the system Now the effect of the torque is to cause
starts with an angular momentum L; parallel the angular momentum to precess around
to the flywheel’s axis of rotation. the pivot. The gyroscope circles around

its pivot without falling.

z  Rotation of flywheel ¥
y 7 Torque due to weight
/ force

—

Initial angular

momentum due to X
— ion of flywheel 0
b rotation of flywhee
|
|
|
The right-hand rule indicates ! : <

that 7 =Fx F =¥ x Mg is
in the xy plane.

Y
L ; ,/
\’ﬁ [
|
-\ |
Vg [ :
N\ y
\ [
NCM | /
n |
™ ,’ The direction of AL is parallel
T ] / y to thatof 7 in [}
Mg G .
(0]

H yoviaxn taydtnta petdntoong Q uropei va vroloyiotei edkora. X ypovo dt o aEovag tov yvpooskomion
ePLOTPEQPETOL Katd Yovia dp. TOoN yovio TeEPIoTPEPETOL KOl TO SIAVVGUA TNG GTPOPOPUNG TOV EIvaL TAV®D

otov d&ova. Amd 10 Tplywvo PAEmovpe OTL @ yopd=too=aKTivo X yovio = |d|:| =|E|dgo. Opwg and to
OepeMmOn VOUO NG TEPIGTPOPIKNG Kivnong |d|:|=|'f|dt eV M pomn mov mpokaAiel To Papoc eival

7| = Mgsin 8
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[n a time df, the angular momentum
vector and the flywheel axis (to which
it is parallel) precess together through

an angle de.

Apa &xovpe : Q= de = —‘dLML‘ =I= 0= Mgsind
dt dt L lo

Oco o ypNyopo TEPIOTPEPETAL TO YVPOSKOTLO (LLE @) TOGO o apYd Ba TEPIOTPEPETAL (LETATTMON) O

a&ovag tov (ue Q).

Tt Ba yiver dpo kpepdoovpe éva mpdcsbeto Papoc ndloc M otov dEova tov 0pllovtimg mTEPIGTPEPOLUEVOL

YVPOGKOTiOV?

- Rotation of flywheel

\ 6/ ?
Y

[1p6cbeto Bapog
m

\

H pomn Ba peyoldoet kKot 1o yuopooskodmio Oyt povo dev Ba mésel aAdd Ba yopiletl mo ypryyopa:

(M +m)gsing
lo

Q

Agite 610 You Tube ta Bivteo: 8.01x - Lect 24 - Rolling Motion, Gyroscopes, VERY NON-INTUITIVE
(Lectures by Walter Lewin) kovtd ota min 35, min 45, Anti-Gravity Wheel? (Veritasium), Gyroscopic
Precession (Veritasium), Spinning Top, Epic MotoGP Last Lap | 2020 StyrianGP, 10 Things MotoGP
Racers do to go FASTER, MotoGP™ Lean Angle Experience kot ALo TOAAG TOPOLOLO.

Oe@pnuo. TOV EVOLAPEGOV GEOVA
O1 e&1emoerc Euler
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ZOU0 TEPICTPEPETAL LLE YOVIOKT TOXVTNTO @ . AVOADOLLLE KO TN YOVIOKT TOYVTNTO KOL T GTPOPOPLT TOV
OMOUOTOC O GLVICTMOES WG TPOG TOVG KUPLovg aoveg adpaveiag (CM:€,€,,€;) e apyn tot kévipo palog

TOV:
@ ~ L
O=0f +0e, +wt = 0|, L=Lé&+L6 +Le& =L,
Wy L,
Ll Il O 0 a)l Ll Ila)l
L=lo=|L|=/0 1, 0||l@|=|L|=| Lo
L, 0 0 1) L, 30,

O BepeMdONG VOUOG TNG OTPOPIKNG KIVIIONG OTO adPOVELNKO 0KIVIITO GOGTNLO TOL EpyacTnpiov (
0:X%,9,2) eivau:

dL, dL d@

—d(tO) =To) = — it +@x L=, =I1-— it +ox(1d) =74,
omov ekppdoape to 1° péhog g e&icmong 6to cHoTNHA TV KOPLOV aEdvev adpaveiog (0eg oel. 6 €&. (1)).
To mieovéktnua givar 6Tt 6€ 0VTO TO VST 01 AEOVESG Kot 01 AVTIGTOLXEG POTES AOPAVELNG TAPUUEVOLV
otafepég Katd v Kivnom tov copatog kot dpo Pyaivouv €€w amd v mopdywyo. H mapoamdve
dwavoopatiky oyéon ovopdletar e€ro@osig Euler. H oyéon avtn dev givar Kot ToAD ypioun e 10
aplotepd okENOG eivar ekppacpévo pe ta dtovocpato €,€,,€; kot o de&i okENOG gival EKPPACUEVO g T
dwavoopata X, Y,Z. o va el0O00VUE GUVIGTOGEG TPEMEL VO YPTCLULOTOMCOVIE TO UETACYNUATIGUO
(otpon)) TV X,Y,Z2 ota €,6,,€;. Otav oumg n cuvolikn pont| givar undév (metdpe va mePIoTPEPOUEVO
COUO OTOV aépa 1 6TO SAGTNUA) Ot EEICADGELS OMAOTOLOVVTIOL KOl 00YOUV GE EVIPEPOVTO KOL UM
TETPIUUEVO ATOTEAEGLLOLTOL.

di, dc -
5(0)3%_0:E+(0><L:O
dl: d A A A d A A A
Ez—t(Llel+L2e2+|_3e3)=a(lla)lel+Iza)zez+|3a)3eg)=
da)l,\ d(l)z,\ dw3" A S A .8
=|1H91+|2Te2+|3we3:|1w1e1+|2a)2e2+|3a)3e3
Al éZ é3

C?’XI::a)l 0, w|=6€(o,ls-wl,)+6 (oL, —oly)+& (oL, —o,l) =

=8 w,w,(1;-1,) +&,m0,(1, - 1;) +&w0,(1, - 1)
Lo —(,-1)0,0,=0
E&odhoeic Euler: Lo, —(1,-1,)o,o =0
Lo, — (I, - 1,)ow, =0

IHepioTpopiy yopw aro kvpio aéova, é6tw Ttov 1

W, 720, @y =wy,=0

O1 e&iodoeig Euler m ypovikn otryun t=0 Oa pog dd@covv 10 puOpd HETAPOANG TMV YOVIAK®V TOYLTHTOV
Kol dpo TV €£EMEN TG Kivnong.
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Lo, =0

l,m,=0

l,a, =0
Kopd yoviakn toydtnta dev petapdrretar. Apa : @, = @, =oral., @, =w, =0=oral.

To copa Ba TepioTpépetar otabepd YOpw amd Tov KupLo AEova mov Tepvdel amd To kEvpo udlog tov,
YOP® ad TOV OTOIOV TOV OMGALE TNV OPYLKT TEPIGTPOPH

Evetadleia mepiotpopns yopw amo kvpio aéova
Atvovpe TEPIOTPOPT| YOP® atd KOPLo AEOVA KO OPNIVOVLLE TO GOUA 6TO dtdotnua. Opmg dev o Kdvovpe
téleln. To copa Exel Kot Tépo TOAD UIKPEC GUVICTOCEG YWVIOKNG TaXVTNTOS 6TOVS GALOVG dV0 KOHPLOLG
d&oveg. Ba dLOTNPNGEL TO GO TNV TEPIGTPOPT TOL YOP® OO TOV OPYIKO AEOVaL LE KATOLEG TOUVMG UIKPEG
TAAOVTAOGELS YOP® OO VTV,
Eekwvépe amd tov dEova 1 mov €xet t pkpdtepn pomnn adpdvetag I, <1, <1,
Wy # 0, Wy, Oy << Wy, Wy =0
Lo, =0

Ot e&omoerg Euler yivovton topa : 1o, — (1, —1,)w,0, =0

Ly, — (1, - 1,) 00, =0
Enedn 0élovpe evotdbeta, dniadn emavapopd, dokipudlovpe ekBeTIkéEg ADGELS Kl EVYOUOOTE 0 EKOETNG
VoL BYEL @AVTOGTIKOG Kot VoL EXOVLE HIKPEC ToAaVTIdoElS: o, (t) =ae™, o, (t)=ae™, a,a, <<,

Lo, =0 w, =oral o, = oral o) TO'rIaH
|2d)z—(|3—|1)a)3a)1:0:>|2a2pept—(IS—Il)agepta)l =0=LAp-(,-1)o =0= /1:( 3|_ Jo
i@, = (I, = 1,)o0, =0 lape” —(I,-1,)ae"@ =0  I,p—(l,~1,)20, =0 |2IO

- 3P
(L—1,)o

6mov 4 =a,/a, . Anoieipovtog to A maipvovpe yio Tov kOt p:
| I, — | % .
P (=l =p’=(,-1,)(,-1,)—<0 emednl, <I,<I,
(I, -1,)o I,p I,1;
Ao 10 TETPAY®OVO TOL £ivor apvnTikd 0 ekBETNG lvol POVTACTIKOS OTTMOC ETOVUOVGALLE.
Onédte: w, = my, = oral., o,(t)=a,e™ =raldviwon = o,(t) = a,e™ apo votdbeo,

To 1610 Oa cvpPel Ko Yo Tov AEova 3 Tov €xEL TN LEYOADTEPT POTN OOPAVELNG
2

2 _ a)z ’
p —(|3—Il)(|2—|3)W<O enewn I, <1, <1,
3'1
p I r / r 2 J ) r , I
Oumg 1o tov evolapeso a&ovo tpokdmtel 0Tt P° >0 Kot €161 dev O TAPOLE TOAAVTOTIKEG ADGELS, OAAGL

Avoelg exBeTikd avEavopeveg, apa aotabeia
2

p2=(1, - 1,)(I, - |2)|“)—|2<0 ened 1, < 1, < 1,
1°3
w, = w, =otal., (t)=ae™ =exbstixi abvénon = o,(t) = a,e™ apa actadero

To Bedpnua avTd TOPOAO TOL EIVOL YVOGTO Y10 MDVEG KOVOKAADQONKE» TAM GYETIKA TPOSPUTA ETELON|
oomnyel o€ TOAD «APVLGIKN GLUTEPLPOPA 1| OOl OV gival TPoPavNS ard Tig eElodoels. Me Alya Adyia av
TETAEETE GTOV 0EPA TO KIVNTO GO EXOVTAG TOV OMGEL TEPIGTPOPY] YUP® A0 EVAV OO TOVS KUPLOLG AEOVES
TOL GYNUOTOG

Kootag diunmidong Hoavemotuo Avtikig Maxedoviag — Tpuqpa Mnyavoldyov Mnyavikev



AKOUTTO GO oek. 22141

7

1,

to1e Oa 10 deite va TeploTpéPetar oTadepd YOp® amd Tovg dEoves 1 kot 3 oAb dyt yup® amd Tov 2. Atvovtog
TOV TEPLOTPOPN YOP® amd TOV 2 KOl OPVOVTOG TO GTOV aépa O Kdvel o TepimAok Kivnon Kot tnv
onoia 0 d&ovag 2 Oa olhalel popd katd 180° . Agite ta Bivieo The Bizarre Behavior of Rotating Bodies,
Explained (Veritasium) xat Ellipsoids and The Bizarre Behaviour of Rotating Bodies (Stand up Maths) cto

You Tube kot moAld aAda mapdpota Biveo

AEN
I'INETAI

UL

&
.
%
=

TINETAI T'INETAI

Am\ dtuoOntik) unyovikn e€nynon pe dvvdpeg yi' owtd to plumdpiopa dev giye dobel moté! AdOnke
teMKd Tpodspata amd Evav didonuo podnuatiko (T. Tao) péowm Tov UYOKEVTP®Y SUVALE®Y KOl SVVAUEDY
Coriolis.

Kvhon

Opiouog

H xdMon etvan €101k mepintwon ohvOetng kiviiong copdtov pe Kok mepipetpo (tpoyoi, ceaipeg,
KOAWVOPOL, oTepdvia, dloKol, KapovAln, KAT.). H kivinon mpayupoatonmoteiton mve o€ eninedo damedo Kot
cuvioTtatol amd PETAPOPIKN KIVIOT TOV COUATOG LE TOXOTNTO Vv, THY TaYVTNTA TOV KEVTPOL udiag Tov,
OLV TAVTOYPOVI TTEPIGTPOPN LE YOVIOKT TAXVTNTA @ YOP®W aAmo dEova Tov TEPVAEL ATO TO KEVTPO HALOS.
To kévtpo pndlog Tov cOUATOG Kiveital 6€ £va eMinedo TapAAANAO 6TO dAmEDO. Xg (ol YEVIKT TETOLN Kivnon
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N taxdTo ToL KEVTPOL palog V kol M Yoviakn toydTTo @ Umopodv va glvor aveEdptnteg Kot dgv
oyetilovtan amapaitnta. H toyvnrta kdbe onpeiov tov copartog Oa eivor to dOpoispa e ToyvTNTOG TOV
Kévrpov palog V ouv NV ToYOTNTA TEPLOTPOPNG YOP® amd T0 KEVTPO pnalag, n omoia xel pétpo wd .
Otav o€ o tétota eninedn Kivon TVYOIVEL OI0PKADG TO GHUEIO ETMAPIS TOV COUATOS HE TO OATEDO Va.
axvytel oTiypiaio, Snhodn 10 oo vo unv olcbaivel kabmg TepioTpéPetal, T0TE AEUE OTL EYOVUE KDALG.
Avtd, Kobmg To onueio emaEng sivar mepueTpikod onueio Tov oopatog pe d=R, pmopel vo cvuPaivel povo
OTOV 1GYVEL

s=6R Kot gpa. V =wR Ko a=aR
oL ovopdleTonr GLVONKN KOMONG, XTO GYNUO TaPOoLCIAlovTal Ol TaYVTNTEG OPOP®Y ONUEIOV NG
TEPLPEPELOG TOV CMOUATOG:

Vew =V, v,=V-wR, vy =V +wR, v, =0, =W? +&’R?
V+aoR=2V

o
A

s=0R V—wR=0
H tpoy1d mov axorovBei kabe onpeio tov otepeod (extdc Tov CM) givor KOKAOEIONG KAUTTOAN.
Orav dev vapyel eEmteptkn dvvaun 1 pomn F=0 7=0, N PPN KOAIONG Yo €va WoVIKO 6TEPED OV
KuAleton pe otabepn taydta wpénet va givor undév. H povn dvvaun amd to ddmedo eivor n kKabetn
avtidpaon Kot To oopa cuveyilel en” adpioTov TV KuAduevn Kivnon tov. e va otapatiost n KOAon
TpENEL VoL EQapLooTel eEmTePIKT emPpadivovca dvvaun 1 porn (epévo).

By =0

Avvaueirg — Portés oty kviion

IMa va wetdyovpe emttayvvopevn kivnon, tépa amd ™ dOVOUN ETOENS TOL OUTEIOL (TOV OVOADOLUE GE
TP kot kdBen avtidpaon), ypedletor Tpodchetn eEmtepikn| dvvaun 1| pomr|. Avtd nedN oTNV KOAGN 1
PPN etvan otatiky Ko dev Oa mapdyet Epyo Kabmg oev petakivel To onpeio epappoyns me. H popd g
tpng OBa eivor této10 dote va avtiotadel oty oAicOnon mov Bo mpokaAovoe 10 £MTEPIKO aiTIO GTO
onueio emaPng Tov cOUATOG e T0 0dmedo. To pétpo g eivor «avtopvOlOPEVO» Kol TaipVEL TETOLO TIUN
MOTE Vo IKOVOTOolEiTaL 1) cuvOn KN KOALONG (e@OGOV avTd givar dvvatd). H tpifn andog petatpénetl pépog
NG KIWNTIKYG EVEPYELNG OO LETAPOPIKT GE TEPIOTPOPIKN (AALA Kot avticTpoa). Ot TepuTOCEIS OTOL
vhpyel eE®TEPIKO aitio OMA. F=0 N 7#0 0o avalvbovv Aemtopepelokd mopakdto evikd Opmg
1GYVOLV TO TOPOKATO

Avvoun 6to K€vipo pnalag F#07=0= f, ™ —F, ko a ™ F,
KaBapn porn (Levyoq) F=07#0=> T, ™z kwalt f
Avvaun og Toyaio onueio F =0, 7. #0= yevika 7 ™M xkmal f, extoc

LEPIKAOV TEPUTTAOCEMV OTOV 1 1| TPIPN N M EMLTéyVLVON
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aALalovv popd 1 undeviCovtat.

Kivynin evépyera oty kvlion
‘Eva dxopmto copo mov ektedel ohvOetn Kivnomn popdlet v KvnTikn Tov evEPYELo TOGO G LETOPOPTKT|
660 ka1 o€ TEPLoTPOoPIKT]. To gvdtapépov eivar 6Tt Yo kOAMon v =R N katavoun PeETaEd HETAUPOPIKNG
KO TTEPLOTPOPIKNG eVEPYELNG EaPTATAL LOVO OO TO GYNUO TOV CAOUATOG Kat Oyt armd ) pala tov (M) 7
t0 péyebog tov (R). ' KAOe opoyeVEG cOUA [Le KUKMKN TEPLPEPELD. (TTOL Vo Lropel dnAadn va KLAOED) 1
pomn| adpaveiog Tov Oa ypdeetat og | = xMR? 6mov 10 & <1 &ivor adidotatn otadepd mov Eaptdral amd
10 oyfua. ILy vy otepdvi k=1, yio KOAvopo x=1/2, yio ceaipa k=2/5, yioa ceoipikd eAod k=2/3, KAm.
"E1o1 0 AdY0G TG TEPIGTPOPIKNG TPOG TNV LETOPOPIKT EVEPYELN ETva :

Ke 10?2 kMR?*V, /R? .

Ky Mug, / 2 Mo,
H meprotpopikn| evépyeila Oa eivar mavta PikpoOTEPN G0 TNV LETAPOPIKN EKTOC OV TO CMWO EIVOL GTEQAVN
N AenTOG KUAVOPIKOS PAO1OG OTTOV M TEPIOTPOPIKN EVEPYELD ELvaL {OM E TN LETOPOPIKT.
Oco mo peydro givar 10 k¥ 1060 EPocdOTEPO Bl amokAivel To oynua amd to va eivar vAkd onueio. H
TEPLOTPOPIKT B avENOEel oe PAPOG TG LETAPOPIKNG EVEPYELOG KOl APa TO GOUN Bol peTaKveiTal o apyd.

Merapaon amd oricOnon o€ kviion

Piyvoupue éva ocopo mov mepioTpéeetal mive 6To ddmedo (m.y. prdio pndovivyk). To copa Eekva Kot pe
OPYIKT YPOLKT ToXOTNTO Do, KOL LE YOVIOKT] TOYVTNTO o, Ol 0Toieg elvar aveEaptnreg.

v, > @,R

v, =0.R

Ortav v, > w,R vradpyer oyetikn kivinon peta&d tov 6v0 empaveldv. To cOUO PETAKIVEITOL TPOG TO
UTPOGTA TTLO YPYOPQ O’ OTL TEPIGTPEPETAL KOl APl TO opeio emaeng oAcBaivel Tpog ta epunpds oe oxéom
pe to matopo (1 Wraho eaivetol vo TEPIoTPEPETAL avTifETO amd TNV HETAPOPIKN TNG Kivnon). Yrdpyet
N oAcOnong xor m omoio KatevBvuveTal mPog Ta MIG® EMPPASVLVOVING TO GO KOl TOVTOYPOVA
av&davovtag v yoviakn tov toxvmra : f_<0. H tpin undeviCeton 6tav emtevybei n iodmta v = wR.
H evépyera dev dramnpeitan kabdg 1 Tp1Pr] KATOVOADVEL EVEPYELD TAPAYOVTOAG APVNTIKO £PYO.

o

U, <o,R

0o

n
»

BY I«

Ortav v, < wy,R 10 chpa petakveitol TPog Ta PTPOGTA IO APYE A’ OTL TEPIGTPEPETAL KL AP0, TO OTUEID

emagng oAcOaivel mpog ta micw (omwvidpetl). Ymhpyer tpif] n omoio elvarl KvnTikny Kot 1 omoio
KateLOVVETOL TPOG TOL EUTPOG EMTAYHVOVTIOS TO COUO KOl TOVTOYPOVO UEIDVOVTOG TNV YMOVIOKT TOV
toyomro : f_>0. H tpiPn undeviCeton otav emrevydei n wwomra = wR. H evépyewn dev donpeiton

kaBdg n TP mapdyet £pyo.
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Ooco cuppaiver n oAicOnon n dOvaun tpPng etvar yvootq Kot dpo PITopove va EpapUOGOVIE OAOVG TOVG
TOTOVG TNG KIVNUOTIKNG Yo Kivomn opaAd LETAPOAAOUEVT) LLE EMTAYVVOT LETPOV :

a:ZF/m: fo/m=uN/m=pmg/m=ug

Orav emtevydei n cuvONKN KOAGNG TO cOUA TAEOV dev oMabaivel Tavm 6To ddmedo kot 1 TPt ohicOnong
undeviCetatl. Kabog dev vdpyetl dAn optlovTio dSOvoun mov va TiVEL va KIVIIGEL TO oNUEl0 EmOQNG OEV
eppaviCetor o0te otatikn TpIPN. To cdpa ekTeELel OLOAN LETAPOPIKT| KIVNON KOl OLLOAY] GTPOPIKY Kivnon.

Mg Bpiokovpe TNV TEMKN TOYOVTNTO KOAGNG YMPIS VO KAVOVPE KIVI|HOTIKT)
H tehluc oy ta e€aptdton amd Tig apytkég cuVONKES vo Kot wo. Bpickovpe tnv teAkn taydtnTo KOAONG
Or TAPUTNPOVTOG OTL 1) dOvaun TGS TPIPNS Tov EPUPNOLETAL 6TO oNuUEi0 EMAPNS OEV TPOKOAEL PoTTH)
YOP® a6 avTé To onpeio. 'Etol ) otpo@opun yopo amd to onpeio erapis E 0o mapapsciver otadep.
H otpopopun vy éva cvotnua copotdiov gival ion pe T GTPOPOPUN TOV KEVIPOL HAlag Guv N
oTpoPopuUn YOp® amd To kEVIpo paloc. 'Etot éxovpe :

L. =L, =mu,R+ l.a, = Mo,R + | .0, =Mmu,R +kMR%@, = Mo, R+ xmR2 v, /R =

v, +kRaw, =v, (1+K) =0, _ ot xRay

l+x

H otpopopun yopw and 1o E 6tav £xet enéAber kOA1on (6Aa To onpeio TOV GTEPEOL TEPIGTPEPOVTAL YOP®
and 10 E pe yoviak toxdmro or =or/R) vroloyiletat ko and (Steiner):

L. =l.a, = (I +MR%)@, = (xmR? + mRZ)% = 1+ )Mo R

Kwnpotuki ev00ypappng opord peroforidopevine kivong kKo KUKMKNG opord petofailopevng
Kivnong

Enedn 6co cvpPaiver odicOnon n emPpdovvon eivar otabepr| Umropodue vo VITOAOYIGOVUE TN XPOVIKNI
otyun tr kabmg kot ) B€on Xr 6mov Oa eméABel KOAoT Ywpic ohicOnon. o v Tpdt mepintwon (
v, > wR) épovpue

mg—N=0, f,=y4N=gmg, f=ma=gymg=ma=a=sxg

Ur=Uo_atr:>tr=UO_Ur= 1 (U—UOJFKRCOO):HF: K U, —Ra,
49 A9 1+x 1+x w19
R

fR=lo=a=t000 0 g = A3 0=, +at

KMR? xR
Tn ypovikn otryun tr eAéyyovpe OTL

LH9 K v,—Rw, R@+x)w,+v,—Ray, v, +xRw, v,

kR 1+x w9 R+ «) R@l+x) R
w6y0€L Ipdypatt n ovvOKn kKOs v, =, R=uy, —at, = (@, —at,)R.

o, =, +al, =,

2
r

v -v
2a
2m ovvéxela (t > tr) n kv tpPn undeviletat, aeod otapdtnoe 1 oAicOnomn, Kot 1o kévipo palog

extelel evOOYpapun opaAn Kivnon kabm¢ To GOUA KOAMETAL.
2rotkn TpIPn dev epeaviletar yiati dev vdpyel opldvtia SV OV va TPAPAEL | VO CTTPAOYVEL TOV

KOAWVOPO OGTE Vo TELVEL TO onueio emapng va OAloONGEL

[Ipw apyicet va koAdel To copo Oa davdcel andotaon : X, =

Avvaperg kon emrdyvvon oty KVAon yopic ohicOnon
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HEeKvavtog amd v npepio 0EAovpe vo TETOYOVUE EMTAYLVON €VOC CAOUATOG HE KOMON, ONANdY|, VD
KavoTolovvTot dlopkdg ot: L =wR kot  a=aR

H pomnr adpaveiog Tov chpatog stvor : | =xmR? kot 0o avapepopacte og avtd Kot o Tpoxos. Ta va
EQUPUOCOVLLE dUVaUN 1)/Kot pomtn 6€ TuYaio onueio Tov To chpa gite Ba eivar KapovAL e TUATYIEVO VIO
eite Oa ovvdéetan pe dEova.

1. dOvoun oto kévipo palag (z=0)

2. apyng porny (F=0)

3. dvvoun + pomn = dvvaun ektog KEVTPOL Udlag

1. Abvaun mwov epapuolsral oto kévpo ualoc.

. B <

fs f

S

H 60vaun teivel va mpokaiécel oAcOnon tov cdpaTog Tive 6To damedo mpog ) eopd . EppaviCeton
PN mpog v avtiBetn @opd. Avth dpa dumAd 1) peidver v oAk SHVOUN KOl GPOL TN YPOLLUKN
EMTAYVVOT VO TAVTOYPOVO 2) TPOKOAEL YOVIOKN EMTAYVVOT KOl TEPIGTPOPT TOL CAONOTOS. Epocov
KovoToleiTol 1 cuvON KN KOAoNG dev Ba vITdpyel olicOnon kot n TP Ba givar otatikny. H Ty g a
avtopvOotel ®ote va wavoromBei n suvOnKn KOALOTG (ePdGOV WTO givar duvatod).

Ovvépot tov Nevtwva divovv :

y-wwopporio; N+Fsind—B=0=|N=B-Fsiné|

K
X-petaxivnon: Fcosfd— f,=ma F—f,=ma fo= 1tk R
= =
z-nepotpoeny: —fR=-la f, =xma 1 R
1+xm

H ypappkn emrdyovon sivor otabepn| kot 1o kévipo pdlog ekterel evBOypapun opoAd emTayvLVOLEVN
kivnon. T va mpaypatonoteital koMo, dniadn N PPN vo elvar otatiky, T0 HETPO NG TPIPNG TOL
amoteiton ogv mPEMEL VoL LITEPPaivel TN LEYIGTN SLVATY) TIUY| | fS| < u N . Avt givon pia oyéomn mov cuvdéel

OMEG TIG TMOPOUETPOVS TOV TPOPANLOTOC: %FCOSQS,US(B—FSM 0) wor pmopel va ypagtel e
+K

dwapopovg Tpoémovg omeg kK + 4 (1+x)F <ugl+)m 7 {L <

+tand |F, <B . Ano mmv
s (1+ k)

tedevtaio eEdyovpe 611 10 cONA pmopel va emttayvvhel ameplopiota av 1 OVVOUN EQOUPUOCTEL TPOS TOL KAT®

, " * K . , , , . , ,
oe yovin 6: tané =—? KaBdc oe avt) T yovie N PPN TOPAUEVEL OTATIKN Yo dvvaun
H\L+ K

ameploptotov PETPoL. [Ma kdbe GAAN Yovia vdpyel o péylotn eEOTEPIKN SVVAUT TOV EMTPEMETAL VO

ook covpe 1o va xovpe kodon. ILy. i 6=0, tand=0, F, =F, F, =0 naipvovpe F

1+x
max — Hs g——m xat
K
apa n péyton duvorn emtdyvvon givon a,,, = 4.9/K
Epocov ikavoroteitatl o mopandve meplopiopds mapatnpovpe 1) étin tpipn eivor maviote avtiBetn pe v
TAPAAANAN cvvicTdoa g ddvapung F, eved 2) n emrdyvvon eivon mdvto mpog ™ @opd g F,. H

gmrdyovon sivon pikpdtepn amd myv F/m mov Bo mpokarovoe povn mgn F oe Aeio ddmedo. oaporo mov
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OEV LITAPYEL OYETIKN Kivom GTNV €MOEN TOV dV0 COUATOV TO HETPO TNG OTATIKNG TPIPNG OV eivan 160 pe
mv eEotepikn dOvaun oArd pukpotepo : f < F

—_—
y a=aR
0\ F
O—>x

«\

E&mtepucn dOvaun F oo kévrpo palog fs
H tpip eivan mavta avrifetn g F|
EVM T EMTAYVVON TAVTA TPOG TN Qopd g F||

H otoatn tpin mapéyet amhd 10 pnyovicGpo [LE TOV OTTOT0 1) YPOUUIKY EMLTAYVVOT) TOL TPOKOAEL 1| SOV
F petatpémeton pepikdg Kot 6€ ymviokn enttdyvvon. Me Ghlo Adyia o pOA0Gg TG TPIPNG etvat va LETATPEWEL
HEPOC TNG HETAPOPIKNG EVEPYEWONS TOV Topdyetal and v F og mepiotpopikny dote va tkavomombel n
cuvOnkn kolonc. H idwa n tpipn dev mapdyet Epyo.

‘Etot emttaydvovran ot dpaéec. Ta dhoyo mov Tig Tpafdve aoKovV T dUVAUN GTOV AEOVa TOL GLVIEEL TOVG
TpoyoVG. To id1o supPaivel Kot yio Tovg TPOYOVS TOV CVTOKIVIITOL GTOVG OTTOI0VG O KIVITNPOG dEV LETAOIOEL
kivnon. Tpaprodvtar (urpootivy kiviion) N orpadyvovtal (e kivinon) and tov dEova Tovg Tov omoiov
EMTAYOVOLV 01 AAAOL 5O TPOYOi GTOLG 0010V O KvNTHPAG LETOSIOEL POTTY].

2. Porn (Cebyoc dvvaueswv)

To Cebvyog duvauewv (kabapr ponn) 7 =(F / 2)2r =Fr, Oa npokadicel HOVO TEPIGTPOPT] TOV GMUOTOGC,

210 0p1oTEPOSTPOPO LEVYOS (TPOG TN POPE TOV OEIKTAOV TOV POAOYIOV) TOV GYNUATOG TO GNUELD EMAPNS e
10 damedo Oa teivel va olMcOncet mpog ta Ticw. 'Etotl Ba eppaviotel TpiPn mpog To HIpocTd TO HETPO TNG
omoiag Ba avtopvBuIcTEl MOTE VO IGYVEL 1| GLVONKN KOAGNG Kot 1) TPPY| va givar 6Tatikn (epOGoV oVTd
etvar dvvatd). Edd ovpPaivel 1o axpiPag avtifeto and v mepintmon g OOVOUNG TOV OCKEITOL GTO
Kkévtpo pdloc. H tpifn tdpa LETATPEMEL TEPIGTPOPIKY] EVEPYELNL GE LETAPOPIKT] TPOKOADVTOS YPOLLLLKT
emrtdyvvon. To copa Bo petaxivndet Tpog ™ @opd g TpPnc. H id1a n tpir| dev mapdayet £pyo amid
LETATPETEL TV KIVITIKT EVEPYELD OO T ol LOPON (TEPLOTPOPIKT]) GE AAAN (LETAPOPIKN).

"Etot emtaydvovron ta avtokivnto. H ynuikn evépyela Tov KOVGIHOL LETATPETETOL LLE EKPNKTIKT KOVOT) GE
LETAPOPIKT] EVEPYELD TOV EUPOAOV 1| OTTOlaL PE TN CEPA TNG LETOTPEMETAUL GE TEPICTPOPIKT EVEPYELD TOV
GTPOPAAOPOPOV AEOVO KOl TOL GOOVOLAOL (Tov dickov pe Tov omoio eivar cuvoedepévog). Avt 1M
TEPIGTPOPIKT| EVEPYELD LEC® TOL HIGKOL TOL GLUTAEKTY] (GVYKPOLGT SIoKM®V) KOl £voL GUGTN A 0EOVOV Kot
ypovalldv HETOPEPETOL TEAKE oTOVLG 000 (1 TéooEPIS) TPOYoVS Kivnong Omov pEcw ™G TPIPNG He 1o
0000 TPMUO LETOTPETETOL GE LETAPOPIKT] KIVITIKN EVEPYELD OAOV TOL ovToKIVTOV. O1 S0 dALOL TpOoYol Bt
axoAlovOncovv pe 1o emtayvvon péow dSHvaung oto KEVTPo Halag Tovg.

F/2

-F/2

Zevoc duvausmv
Ot vopot tov Nevtwva divovv

y-tooppomia: N—B=0 :>
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f :T/_R:(”_RJF
X-petakivnon : f, =ma f. =ma o l+x Utk
Z-MEPIGTPOPT : —r+st:—Ia}:>r/R—fS:Kma}:> _f, _/mR _(r/RF

‘H‘m‘(mja

H ypappikn emtdyyvvon sivon otabepn ko to KEVTPoO palog ektedel evBuypapun opaAd emttayLVOLEV
Kkivnon.

Pomn tp1png v mhvta avripponn g eE@TEPIKNG T
KOl ETLTAYLVOT TAVTA TPOG TN QOPd TG TPPS

_E/2 F/2
/Tf % T \
5 ©O—>x
Ag&i6otpogo Levyog AptotepdoTpogo Levyog
Tpp1] kKo emdyvvon T kon emdyvvon
TPOg T0. oPLoTEPd (0mchev) npog o 0&1d (umpociev)

H tppn epopavileton mhvta pe tétota popd dote va mopdyst pomn avtifetn g e€wtepikng. H emrdyvvon
elvan mdvta Tpog ™ eopd g TPPNC. IIpocélte 10 eENG «TapAS0EON & 1 YPULLUIKTY ETLTAYLVCT] TPOKAAEITAL
QOKAEIGTIKA amd TN SOVOUN NG oTatikng TPPNS 1 omoia dpmg dev mapdyst kaBoAov €pyo apov dev
petakwel To onpeio epappoyng g (dev oépvet tinota). O mepropiopdg fo < p N pog diver ™ péyom

duvat emtdyvvon Tov Tpoxov pe kOAon: f = pumg = ma,, =xmg=a,, =49 kabng Kot

S,max

HEYIOTN EMITPETOUEVT| POTN: fﬁ < pumg = |7 < p,gM(L+ x)R| dote va Srotnpeiton n kOAon. Avt givan
+K

Kol M HEYLoTn emrdyvvon mov Ba €xel Eva dOynuo 6To 0moio avikel o Tpoyog (e v TpovimdOeon Ot ion
pomn| petadidetar o€ 4 OLOL0VG TPOYOVS KOl TO KEVIPO PAPOLS TOL OYNLATOG EIVOL GTO KEVIPO TOV, OAALDG
Ba etvon pikpotepn).

[Mopatnpeiote 011 N péylotn enttdyvvon eivor aveEAptnn amd To YOPAKTNPIOTIKA TOV KvnTApa (7) Kot
e€aptdtar faciKd amd TO GLUVIEAESTY] GTATIKNG TPPNG Us, ONAAOT TH GVGN TOV DAIK®V TOV TPOYOV KoL TOV
0000TpOU0ToG. O cLVTEAESTNG OTOTIKNG TPPNG HeTaED EAAGTIKOD Kol GTEYVOD 000GTPOUOTOS £ivat
nepinov 1,0 evd Yo vypd 0ddcTpopa téptel oto 0,30. Mropeite va eAEyEete OTL OAEG OL EMTAYVVGELG TOV
O1vouV 01 KATOGKELOGTEG OVTOKIVITMV Y1 TO S1APOPO. LOVTELD TOVG €lval LIKPOTEPEG Amd OVTO TO AV
6pro. Ily. 0-100 km/h e 11,3 s 1codvvapet pe 2,46 m/s? 1 g/4.

Av n ponr| Tov Hal LETAOMOEL 0 KIvnTPOG GTOV TPOYO Elvar LEYOADTEPT OO TNV EMTPETOUEVT] O TPOYOS Bt
oMcBaivel Tave oto 0ddoTpmpa (Bo cmvidpel) KaBdg 1 otatiky TpPn doev Ba emapkel yio vo TeETOYEL
KOAGN. AvTo dev elvar emBounto yia d1dpopovg Adyovg. I1.y. emeldn n tpiPr| Oa eivar TpiPr| ohicOnong n
péylot enttdyvvon/emiPpadvvon Oa givon pikpotepn f, = 1,9 < pug=f (=0,8 k0 0,25 y1o Ao TIKG

S,max
oe oteyvd ko vypd oddotpoun). H kivntikny oot tpiffy] iowg vo unv emopkel yio va Kvioel i vo
GTAUATIGEL EYKOIPA TO OVTOKIVIITO v M avtictolyyn ototikn vo umopel. Emiong otav to avtokivnto
oMoBaivel dev umopovpe va 1o otpiyouvpe. Ta nAektpovikd cvotiuata ABS (yia 6tav emiPpaddvoup),
TCS (yw 6tav emttayvvovpe) kot ESP (v 6tav otpifoope), pe ta omoia givarl eomhopuéva o cuyypova
avtokivnta, £(0VV AMOKAEIGTIKO GKOMO VO 010t POV TAVTOTE TNV KOAIOT GTOVS TPOYOLS EQAPUOLOVTOC
eON LS 6€ KABE TPOYO EEYMPIOTA Kot EMOPDOVTAG GTI PO OV TaPAyEL O KvnTNpas. Me Tov TpOTo 0vTd
&yovpe hvta N péEYLoTn obéoun dHvaun amd To 000GTPOUA KOl EAEYYO TNG EVGTAOEIAG TOL OYLATOG
KOTA TIG GTPOPES,.

3. Avvaun rov AEN gpapuolerar oo kévrpo ualag
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H o povn odvapn 6o tpokalécel Kot PeTakivion Kol TEPICTPOPN TOV COUATOS. Me TNV TEPIGTPOPN
eppaviCeton TP TPOG TO UTPOGTA EVA Le TNV petakivion TP Tpog Ta micw. To oyfua Kot 1 KoTovoun
uaag tov omporog (k) pali pe to moco pakptd (r) and to kévrpo nalog kot o€ Tt katevBuvon (6) aokeiton
n dHvaun Ba kabopicovv 1o T amd Ta 6Vo OBa telvel va vVtEPIGYDoEL Kot dpa T POpd TPog TV omoia Ha
tetvel TeMkd vo oMceOnoeL TO GOUO GTO ONUELD ETAPTNG TOV [E TO dAmedo. Avarloya Ba pvBuiotel Kou n
@opa g TPIPNS mov Ba gppaviotel kol omoia Ba avtitebel oTOV TAPAYOVTO TOL VIEPIGYVEL.

Apa oe avtv TV TEPITTOON 1 EOpa NG TPPNS OAAG Kot M @OpA NG EmTd)LVONG Ogv Elvan
nwpokabopiopéveg eved umopetl Ko va undeviotovv. To pérpo g tppng o avtopubuiotel dote va 1oyvel
1 cvvO KN KOAGNG Kot 1) TPIPN va eivarn oTtatikn (EpOcov avtd givatl SuvaTo). AV 1) TEPIGTPOPIKT EVEPYELL
vreployvel (K; > kK, ) tote n tpifn O petatpéyel mEPIGTPOPIKT) OE UETAPOPIKY) KIVNTIKY EVEPYELDL
EMTAYVVOVTOG TO CAOUO YPOUUIKA, 0AMGDS Ba kdvel To avtiotpopo. H tpiin mwddt dev mapdyet £pyo amid
UETOTPETEL TNV EVEPYELN OO TN L0 LOPPT) GE AAAN.

M dOvoun extodg kévipov udlog toodvvapet pe v 01 dvvaun oto kévipo pdloag ovv éva Cevyog
duvdpewv pomng =rF. Apa ot e€lomoelg Tov Nevtwva Bo givar 10 dBpotoua tov e€l0DCEOY TOV
mepuTOGE®V 1 Ko 2 Ko Ao Yo Ty EmTdyvuvon Kot ™ otatikn tpPn Oa eivor to dBpoicpa tov Abcewmv.

Avvoun F
€KTOG KEVTPOL palog

Icodvvapei pe Avvopn F oLV Ze0y0G SuvapEmV
o710 KévTpo nalog pomig 7=rF

[Ipémer pévo va amopacicovpe yio T eopd g TPPNS emedn Exel avtiBetn @opd otig meputtdsels 1 Kot
2: f,=1f,—f,. Ocopodpe aproTepooTPOQPN SOV TOV ACKEITOL GE POPED TOV ATEYEL ATOGTACT ' OO
t0 Kévtpo palag, ko oynuotilel yovio € pe to oploviio danedo OGS 6To oYNUo (Yo de&l00TPOPES
duvapelg amhd avtikadiotovpe F — —F ) kot oxedialovpue v 1p1pn mpog to €1 (cov va vIepioyvEL 1
Tp1pn Tov Levyoug f, > f,) ko av petd Toug VITOAOYIGHOVE TPOKVYEL PE apVITIKO TpOSTLO TOTE O deiyver
otV avtifBetn popd. H yovia 8 naipver Tipég and 0 og 27.

y-ioopponia: N+Fsind—-B=0 —|/N =B-Fsind)|

K
x-petakivinon: Fcos@+ f, = ma} Fcos@+ f, =ma } f, = (r/xR—cos e)m F

:>F(r/R)—fS:1<ma - F

a= (r/R+cos(9)i—
1+xm

Q¢ cuvnBmg TPochETOVE TIG dVO EEIGMOELS Y10 VO, VITOAOYIGOVLLE TNV & KOl GTI CLVEYELD AVTIKOOIGTOVE

™V €KQPOGCT TNG & G€ OTOLONTOTE Ao TIG 000 £EIGMGELS Y10, VoL Bpovpe TV Ekppoaot g fs.

Ta mopandve aroteAéopato eivol 0VGLUoTIKG TO AOPOIGHA TOV dVO TPONYOVUEVOV OTOTEAEGUATOV Yo

dvvaun 610 KEVTpo palag Kot kabapn ponn :

z-nepotpoon: —Fr+ fR=—-la
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f, :L(i_,dzlj
1+x\ R

a:—1 (£+Fj
A+x)m\R "

Koatapydg Oa éxovpe kOAon OG0V 1Kavomoteitol 1 :

|f|<uN= %—K‘F” < p,(B-F,)(1+x)

Epocov avtdg o meploptopdg wkovomoteitan mapatnpovpe ta e€Ng. I'evikd n oratiki TN eppaviCeton
npog ta 0e€id , >0, pe pomn avtiBetn and avtn g dvvaung F kol n gmrayvven sival eniong npog ta
og&a a>0

EKTOG:

1) a6 opiopéveg epmpdodieg yovieg kovtd oto kEVTpo palag émov 1 TP yivetal Undév Kot 6T cuvEXELa
€xel pomn otV 1010 POPA LLE TN POTN TNG dVVOUNG KOl

2) amd oplopévec omioOieg yovieg 6mov 1 emtayvven undeviletal kot otn cvuvéyela oAlalel eopd (a<0),
pe ™ petdPfaon va cvuPaivel 0tav o eopEag TG SVVAUNG SIEPYETOL Atd TO GNUEID ETOPNG LE TO dATEDO.

o a=aR
— %

f‘rf

" n

, , _ Eumpochio vvaun oe r<xR Omicbia 3ovopn
Epnpoctia SI,N(W N r>KR_rO Ko pe 0 ektog Topén £0.(r) 0 extg Topéa w+0o(r)
o€ OTOLONTOTE YWVia
Orav n 61e60vvon e dbvoung eivou péoo Orav n diev8vvan e ddvoung eivou uéoa.
OTOV KITPIVIGUEVO Touéa N TPl aAldlel 070 Y04G10 TOUED: i exiroyvvon 0AA6CEL
popd. fs<0 popad. a<0

To vijua Ba. toliyetou

Tpipn de&rootpoon >0 kot emrayvven ntpog ta de&va a>0

IHote n Tpfn] yiveTan pnodév.

r
H tpipn 0o pndeviotei 6tav: r/kR—cosd=0=60=0_= arccos(—Rj . T va. ocopPel avtd mpémet
K

KATOPY OGS LR <1=r < kR, dMiadn n dOvaun va gpapudletor kovid oto ké€vipo palas. I'a tig yovieg O
K

Kol 270y, 1 dvvaun F amd povn e enapkel yio vo tkovomoteital 1) suvOnkn KOMoNg xwpic vo epeovioTtel
o kot apa M PN undeviCetan. o pukpdtepeg eumpodcbieg yovieg amd v oplldvtio OmA.
0<6 M 0>27—-0_n tp P ahhaler Tpéonpo ko deiyvel Tpog to aptotepd. ‘Exet oniadn pomr idiog
@opdc pe v F. Ze avtég 11 yovieg ) Ttp1n ypetdleTon va EVIGYUCEL TNV TEPIGTPOPIKN KOl TOVTOYPOVA VO
LEWOOEL TN YPOUKT emiTdyvvon mov mpokoiel n F, dote va oyder n ouvOnkn kdhong. Avtd sivan
avaykaio 6tav 1 dvvaun epapuoletar kovid oto kévipo palag r<xR=rg (dniadn 6tav n pomy g eivon
LLUKPT) KOt GpoL TPOKAAET LLIKPT) YOVIOKT ETITAYLVON ) KOl GE LUKPT YoOVia amd TNV optlovTIo TPOg TO LTPOGTA
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OOV 1 TAPUAANAN GUVICTOGO TNG elvar peydAn (Kot dpo mpokaiel peydAn ypoppikn emrdyvvon). H
EMTAYLVOT TOPAUEVEL TPOG TOL OeELA apov COSH>0.
Egappoym eumpdcdioag F kovid oto kévrpo paloc r<kR
M¢éoo otov topéa 26, = 2 arccos ( v/ KR) 1 TPWBN yivetor oploTtePOSTPOPN

o a=aR

r=ro=«R, r<ro r<ro,
0=0 (op1Zovtio Sovaym) 0=0, 0<6,
Tpip} ion pe pndév Tpipi} ion pe pndév AprotepboTpoon TpiPn

[

F
Ir<ro, s r<ro,
0=27—0, 0>2n-0,
Tpipn ion pe pndév AowstendaTooon ToBn

Otav r=«kR=rg 161 M 1PN €lvan mpog ta de&1d Yo Kabe yovia extdg yia =0 (oploévtia dvvaun) démov
pundeviCetar. Oco 1o I pikpaivel (r —0) o topéag 20, peyormvel kot yiveton icog pe 7 yo r =0. Aniadn
otav 1 dvvaun epappdletor oto kEvTpo pdlag n TP eivor mavta avtibetn oty F| dnwg Pprkape Ko
TpLv.

Ilote n emrdyvvon yivetonr undév.

r
H emrayvven 0o pndevietei 6tav r/R+cosd=0=0=7+6, pe 6, = arccos(ﬁj . XTIC YOVIEG 0VTEG

M. 6tav cos@=—r/R Brémovpe 6T1 10 GHpOIGHA KoL TOV SUVAUE®V Kol TV portdv undeviCovtat enedn

= % F >0 ka1 akoAovOwe pundeviCetan ko n emtdyvvon: a=0. BAémovpe 6TL avtéd ocoppaiver

s I

OTOV 0 QOPENS TNG OVVUNNG OLEPYETAL OTO TO ONUEIO ETAPNS NE TO OATEDO.

vie cos6, =r/R

f.‘. =—E| Ko Z'j_;

a=0 axivneia

=-T
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I'a 660 wyvet f, = ‘ F”‘ < u,N, to ocopa dev Ba kivnBel, evd av awénoovpe to pétpo g dvvaung F mote
‘F”‘ > u N (kpatadvrog Opmg T yovio 6o 6tabepn) 10t 10 copa Oa apyicet va oMcBaivel Tpog ta apiotepd
(méA dev Bo emtevyOel KOAoN Ywpig oAicOnon).

[N yovieg peyardtepeg g o 1 emtdyvvon napapévet Oetikn mpog ta de&id. Otav n yovia eivon pkpdtepn
and Go, Onhadn Ppioketon otov YoAALlo Topéa, 1 TOPAAANAN CLUVICTMOOCW TNG EPOPUOLOUEVNS dVVAUNG
vrepVIKA TV TP f, <‘F”‘ OU®G M pom| TG TPPNG eivarl peyoddtepn amd TN pom TG £PaPUOLOUEVNG
dovapung f.R>Fr. H cuvbnin kdiiong pmopet vo ikavomomBei KOAGVTOG TO COUO TPOG T APIGTEPCL.

Ipbypat ywo 7—6, <0<rw+6, = |COS 0| >r/R n emrayvven sivan apvnrikng kou Seiyvel mpog To

aptotepd. Anlodn to copa Oa KvAicel TPOG Ta TGW Kot TO VAR HECH® Tov omoiov ackovue v F Oa
TUALYETOL GTOV KOAWVOPO (Y10-710).

a=aR o
b K\

s
Ap1oTEPOOTPOPT SVVOLT LE TPOGOVATOAGHO HUEGT 6TO YOAALL0 TOpE (TPOG TO UPLOTEPQL).
Kivnon npog 10 aprotepd (avtifeta pe v tpifin)

To v dev Ba Eetvliytel oAAd Bo ToAYTEL YOP® 07T TO GO0

Img pavrevovpe T Qopa TG eMTAYLVONGS YOPIS VO KATAPVYOVUE OTIS EE10ADGELS

Apoeporia o¢ Tpog ) popd TG emtdyvvons puropei va yevvnBel povo otav n ototikr tpin f ko n pomn
7t ov TPoKaiel etvan ko o1 6v0 avtiBeteg ot dvvaun F kar ™ pom ¢ 7F avtictora. Apa Tpénet va
yvopiCovue ™ @opd ¢ f. Onwg eidope dpmg n @opd ¢ TpIPng ivorl mhvta Tpog tétotn. Katevhuvon
wote M pom TG va glvar avtiBemn amd ™ pormn g F, extdg g mepintwong mov 1 F ackeiton oto kévipo
pélog M Kovtd oto k€vipo palog o€ pukpn yovio pe v oplloviio. e autny TV TEPITTOON OU®G
yvopilovpe 0TL N emTdyvvon £xel T eopd g F.

2116 VTOAOUTEG TEPIMTAOGELG 1] POPEL TNG EMTAYLVONG TPOSOOPILeTOL EVKOAN OO TOV TAPAKAT® YPOPIKO
Kavova, 6mov P givar o onpueio topng tov gopéa e dvvaung F pe to damedo kot E eivon To onpeio emapng
pe 1o damedo :

H smirayvvon givor avtiBety ano to EP: aTlEP
Orav ta onucia E kou P counintovy, 1o coua 16opponel kai n emtdyoven sivar unoév
Anhadn n emtdyyvvon £xel T Qopa ekeivng g dvvaung, mov Ppicketol avtimigvpo amd 10 onpeio TOUNG
P, og oyéon pe 1o onpeio emapnc E :
Ortav 1o onueio P givar oty mhevpd g tpiPng f tdte 1 emtdyvvon Exet tn eopd g dvvaung F.

Ortav 1o onueio P givor oty mhevpd e dvvaung F tote ) emttdyovon éxel ™ eopa g tpipng f.

H nmopandve «cuvtayi» tapovctdleton 6To TopaKdTm oyuato
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Mmnopeite va Kavete Telpdpota pe Eva Y10-y10 yio vo emPBefaidcETe T0 TOPATIvV.

Oco 10 I peyodovel: r—R, dnA. n eEotepikn dvvaun aoKeiTol KOVIOTEPA GTNV TEPIUETPO, O TOpENS 260
wikpaivel. T r=R, dniadn dovaun (apiotepdotpoen) oty meEPIPEPELR, 0 Touéog undevifetor Kot M
gmtdyvvon pndeviteton povo ot yovia @ = 7. T r=0 dniadn dovaun oto kévipo pnalag o Topéag yiveton
péytotog kot icog pe 7. H emrdyvvon undeviCeton otig yovieg /2 ko 37/2. EEgtaloviag autéc Tig oplakég
TEPUTTAOGELC TOLPVOVLLE TO TAPOUKATM TPOPOVT OTOTEAECUOTO

=0 a=0 £, a=0

r=0 r=0
v F
Advapn oty Tepoépseia, 6=n Advapn oto Kévrpo patag, #=3x/2  Abvaun oto kévrpo pales, O=n/2
Axwnoia yw ool F < 4N = pucmg  Axwvnoio epocov: F < Ny — B Axwnola epooov: F' < B =mg

oA 0MoOnon Tpog Ta 0PIGTERG aAdg omdiet To Sémedo UAMOG TO GO AVOYDVETHL

Amd T0VG VO TopEic, TOV eEuTpochio 26, (6mov f:<0) kot tov omicOo 26p (6mov a<0) peyaArdtepog givat o
onicOiog. IMa r£0, k<1: 6, >6.. T r=0: Gy =0_=7/2.Tw =1 (cte0bvn) : 6, =6.

Ioopponio GxapmTov CONOTOG

["a va 1ooppomel éva Akaumto cOpo eV apKel To dBpolca TV SVVAUE®Y TOL TOL OIGKOVVTAL Vo Eval
unoév. Ipémet ko o dOpoicua TV pondv mg Tpog omotodnmote onueio O va eivar undév yia va unv et
yoviakn emtayvvon. Télog dev mpémel va. Exel 00TE KoV 6TOOEPT YOVIOKT TOYDTNTA TEPICTPOPNG DOTE
KkdOe Eexwplotd onueio tov va givarl og 1ooppomia, dNAadn vo unv €xetl emtdyvvon (kevipopnodro). ‘Etot
KOTAGTOOT 160PPOTIOG Yol EVaL AKOUTTO COUA EIval LOVOV 1) aKIvNGia 1] 1| LETAPOPIKT EVOVYPOLLUT OLLOAY|
Kkivnon. ZuvOnkKeg 160ppomiag AKOUTTOV GOUATOG !

Kootag diunmidong Hoavemotuo Avtikig Maxedoviag — Tpuqpa Mnyavoldyov Mnyavikev
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1) F,=0
2) 7,=0 Vonueio O
3) w=0

Av oyvern 1) apkel va amodeiEovpe 0TL 1 2) 1oyvet yio éva foAkd Tuyaio onueio. Tote Ba oydel Kot yia
0mo100MmoTE AALO oMuEiO.
2 YEVIKOTEPT TTEPIMTOOT O1 TOPATAV® GYEGELS 1IGOOVVOALOVVY LE 6 EEICMGELS OO TIC OTOIEG LWITOPOVLE VO
npocdlopicovpe 6 ayvootovs. Epeig Oo aoyoinbovue povo pe opoeninedeg SUVAUELS .. 6TO MInedO X-Y
TV omoimv ot pomég Ba etvan otov a&ova Z. 'Etot Oa éxovpe 3 oyéoelg :

F..=0,F,  =0,7,,=0

04, X oA,y ol,z
amod TIc omoieg Ba uTopovLE Vo TPOGO0PIGOLUE 3 Oy VAGTOVG.

Amodeikvdoupe 6Tt 6Tav 1 CLVIGTAREVN dVVOUN Elval UNdEV TOTE 1 OAIKY| pomn) £YEL TNV 1010 TIUN YOP®
a7td OTOI0ONTOTE CNUEID AVAPOPAS KO VO VITOAOYIOTEL :
ZIEI =0 :>ZF”O x F. =7 = oraf. ya ks onpeio O
1 1

0

g W

+

B/AXZFi =Ty +Tgax0=74
1

2101 Ela ELAGTIKOTNTUS VAMIKOV

AmoAMITo¢ otEped (AKaumTo) copato Ogv vdpyovy ot eUoT. To Wavikd oteped eivar Pdvo M TPAOTN
TPOGEYYION Y1 £VOL TPAYLOTIKO 6TEPE0 VAKO. Tao poptla evOg 6TEPEOD GLYKPATOVVTOL HUETAED TOVG HEGM
GYLVPAOV OULUOPLOKADV SVVAUEMY NAEKTPOUOYVITIKNG PVGEMG Ol OTTOIEG TAPIOTAVOVTOL TO PECAMOTIKA MG
OKANPA eAATPLO TOPE OC AKOUTTOL PAPOOL.

S= S= g
WI@HIN@UY @@ @@L

‘Etol 0Ma ta otEped LAIKA, TOPOAO OV OVTIGTEKOVTOL GTNV OAANYY] TOV GYNUATOS TOVG, TOPOVGLAlovV
Kémowo Pabud elaoTiKOTNTOC 1)/KOl TAACTIKOTNTAG, ONANOY TAPALOPPOVOVTOL OTOV TOLG OoKnHovv
ouvdpelg (L—L+AL). Ta ehaoTiKd GOUOTA ETOVEPYOVTOL GTO OPYLKO TOLG YN OTav 1) eEMTEPIKN dVvauN
TOVGEL VO OCKEITOL EVA TAL TAAGTIKO O)L.
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H mapapdpemon dev glvar ameptoptot kot To VAKS dtatnpel T cuvoyr Tov Kabdg avidpd HECH TV
1GYLVPDOV LOPLOKDOV OLVALEDY TOL GLYKPOTOVV T LOPLE TOL GTIG BEGEIC TOVG £mG TNV EMITEVLET 1IGOPPOTIOG
Omov o1 eEmteptkég duvapels avtiotaduilovral. H eEotepikn 60vaun petadideton pe autd Tov Tpomo ond
TO £€vo. LOPLO 6TO GAAO GE OAN TNV €KTOoN TOL VAIKOV. Aéue OTL TO LAIKO elvarl vd thomn. Zta vYpd To
«ehatnplon avtd glvar ToAH adbvopo Kot oTdve E0KOAN EVAD GTA 0EPLOL EIVOL GOV VO UV VTTAPYOVY KaV.
"Etot ta vypd Ko tar aépro dgv umopohv v VTOUEIVOLV TAGELG Ko VO S10TPGOVV KATO0 YO OALA TO
oynua toug Kabopiletor amd 10 otEPEd H0YEI0 TOV T TEPLEYEL.

To péyeBog mov ekpdlel T0 HETPO TV SVVAUEDV TOV ACKOVVTOL GE KATAAANAN EMPAVELN TOV GMOUATOG
(epelvopds, copmicon, oTpéyn) ovoudleton Taon kot xst povadec misone (Pa=N/m?). To péyebog mov
eKQPPALEL TO LETPO TNG EKAGTOTE TAPAUOPPMOONG OVOUALETOL GYETIKT (1] OVIYUEVT) TAPALOPPMOT) Kot Eivart
ad146TaTO.

Nouoc rov Hooke

Metd Vv €vvola Tov 130VIKOD GTEPEOD, 1| EXOUEVY] TPOCEYYION Y10 TO GTEPEG VAIKE TPOKLATEL OO TNV
e&Ng ovumeppopd v omoic akoAovBohv apyikd OA To GTEPEN VAIKA :

Ortov n tdon Ko 1 GYETIKN TOPOUOPOWON EIVOL UIKPES TOTE N TAGH Eval avdloyy THS GYETIKNG
TOPOUOPPOGHS Kol 1 0TaOEpa ovoloyias ovoudleTol HUETPO EAATTIKOTHTOG.

Avt 1 cvumeprpopd ovopaletol vopog Tov Hooke :

£l =oral

LETPO EAACTIKOTNTOG = -
GYET. TAPAUOPPOOT)

Ta pétpo ehaotikdTnTag EYOVV dlaoTdoelg Tieong (Pa).
Ta pétpa ehaotikdmrag pali pe v mokvotTa tov VAKOL kabopilovv v toydTTO d1AO0oNG TMV
OLAPOP®V KLUATOV UEG® TOV VAIKOV (£YKAPGLOL, OLOUNKT))
H dvvatdmra mapapdpemong evog otepeol copatog odnyel kKot og éva tpito €idog tpPng v tpiPn
KOALONC.
H tdon £og v omoia 1oyvel 0 vopog Tov Hooke ovopdletat 6pro ypappkétnrog.
IIépa amé to véuo tov Hooke
[Mo Afyo peyoddtepeg TA0ELS O1 GYETIKES TOPALOPPAOGELG Oev gival avdAoyes TG TAong OUMG HETA TNV
OTOLAKPVVGT] TOVG TO VAIKO EMOVEPYETOL GTO OapYlKO TOov péEyeBog, mapapével ONAadY €ANCTIKO, M
Tapopopemon eivar avtiotpéwiun. Ot duvdpels etvar S1aTnpNTIKEG KO 1 EVEPYELDL TTOV OOTOVOVLLE Y10l VL
TOPOLOPPAOCOVLLE TO VAKO Lag EMGTPEPETOL OTAV amopakpuvhel | e€mtepikn taon. H peyalvtepn taon
Yy TV omoia To VAKO mopapével EAacTikd ovopdaletat épro swapponc. [IEpa and avtd 10 Op1o ot ThoELg
elval TOG0 PeYAAES TOL KATO101 LOPLoKOl OEGHOT, «EAATAPLOY, OTTAVE Kol Lopla LeTatomiloviol 6 GAAEG
0éoelg. To vVAIKO amoktd POV, Un OVIIGTPENTH ToPapdpe®on Kot O0tav omopokpuvlel n tdon dev
EMOVEPYETOL GTO OPYIKO TOV PEYEBOg 0ALG og peyalDTEPO. O1 dLUVANELS OV EIVOL SIATNPNTIKES KOl EVEPYELQL
dOmaVATAL GTNV TOPOUOPP®CT TOL GOUATOS. Bprokdpoote oty meproy] ¢ mAactikoéttog. TEAOG
VIAPYEL P LEYIOTN TAoT, TO 6pro Bpavong, 6Tov T0 VAIKO GTiEL.

Egeixvoudc 1 0iyn orepeds pafoov orarouns A pue kabetny ovvaun F, -

o A
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Akopunto oo ogh. 36/41

F /A
Métpo ehootikdtnTac Young: Y = L , [Y] =Pa

AL,
omov £o: T0 apyKO UNKog TG papoov, Al= {—fo n empunkvveon N emPpdyvvon g pafdov, pe Tun Betikn
1 apvnTikh avtictoo. Ta pétpa ehactikétnTac Young sivar g tééng tov 101 Pa.
Amo 10V Tapamdve opiopd ToipVOuLLE :

F = YA AL
EO
YA

AnAadn yo pua otepen papoo n otabepd «elatnpiovy givar : kK =—
0
Ortav pia oteped papoog (m.y. cvpua 1 AdoTiyo) emunkOveTL, TOLTOYPOVA AETTAIVEL ONA. LEIDOVETOL TO

TAGTog TG N 1 dratopn tng. Otav woydet o vopog tov Hooke tote 1 oyetikh peimon tov mhdtovg (AW/W,

) elvar avdloyn pe Tn oxeTikn emufikuven tov ufkoug e (AL/L,):

Aw Al

/s

WO f0
H otafepd avoroyiog o ovoudletar Adyog Poisson kot kvpaiveton mepinov petatd 0,1 ko 0,4.
INo ta TepiocdTEPO VAIKA TO60 TO pETPO ehaotikdtTnTag Young 6co kot o Adyog Poisson éxovv tig idieg
TIHEG Y10 TAGELS EPEAKVLGLOV Kot Yol TAoelg OAymG.
To pétpo elaotikdtroc Young kabopilel v taydTTo S1A000NS TOV JOUNKOV KUUATOV HECH G £Vl
oTEPED.
Tétoteg Thoelg £xouv vOnua Yo vYPA Kot a€pto LOVO MG GUUTIEST] GE OAN TNV EKTACN TNG EMUPAVELNS TOV
ta opilet ko Ta cvyKpotel (kabmg dev vapyeL vYpPN PAPIOG).

AlaTunTiKy Topouopewen 1j GTPEYN GTEPEOD

Ortav ot dvvhpelg ackoHvTotl TAPIAANAL LE TV ETPAVELN TOV GTEPEOD TOTE TPEMEL VO, AGKOVVTOL KATH
avtifeto (evyn (OTMOC 6TA GYNUOTE) MGTE OVTE VO, LETAKIVIIGOVV OVTE VO TEPIGTPEYOLV TO GTEPED OAANL
puévo va 1o mapapope®@covy. Ot TAGES 6TV TEPITTMOON QLTI OVOUALoVTOL JOTUNTIKEG TACELS 1| TAGELS
oTPEYNG Kol opilovTal MG 1 EPATTOUEVIKY] SUVAUT OTNV EMPAVELNL TOV GTEPEOL TTPOS TO EUPAOOV NG
emdvewnc. Tétoeg tdoeig eppavifovror pOvo ota oteped Kot Oyl oTa VYPA 1 oTo 0éplo. To Omoia Ogv
UTopoHV Vol TIG VITOUEIVOVY Kol VO O10TNPT|COVY TO GYNHO TOVG OAAGL TOPALOPPDOVOVTOL OTEPLOPIGTAL.

F ﬂ

1
v
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H oyetuc mapapdpemon opiletor mg E =tan @ = ¢ Ko 0 avticToog vopog tov Hooke givon :
_F/A_FJ/A

xh o
OOV S TO HETPO SLATUNONG 1) OTPEYTG.
Ta pétpa Sidtunong sivon emiong g taénc tov 101 Pa dpmg yio kdOs vAKO sivar pikpotepa amd To
avtiotoyo pétpa elactikdtrag Young (mepimov 1/3 wg 1/2 tov Y).
To pétpo ddTunong S kabopilel v taydnTa dS1Ad00NG TOV EYKAPCIOV KOPATOV 6€ £va oTeped. Emeidn
glvol Tavto PKpOTEPO OO TO AVTIGTOLO UETPO EAACTIKOTNTOG YOoung mov kabopilel v tohTnTo TOV
SWUNK®V KUUAT®V, TO. SIOUNKN KOUOTO O10id0vVToL [e HEYOADTEPN TaXDTNTA OO TO £YKAPOLN G £val
oTEPED.
210, vYPa Kot Ta aépta deV dradidovTal eykapoio KOHTH KaBDS dev Exovv péTpa didTunong.

] [S]=Pa

Yo vrokeiuevo oe mpocletny micon AP (w.y. puéoa oc vypo)

Ortav n 1don givar o opotdpopen mtieon o€ OAESG TIG TAELPES TOV VAKOV TOTE 1) GYETIKN Tapapdpemaon Ha
glval po Topapdpe®on Tov 0YKov cuvoAlkd. Tétoleg Tdoelg ackovvtal 1060 GE GTEPEN OGO KOl GE LYPA
Kol 0€P1aL.

Ap

Mé1po shactikdtntoc dykov : B=— [B] =Pa

AN,

Xe avt Vv mepimtwon N petafoin tov oykov AV €xel mhvta avtiBeto mpoOoUO amd TN HETAPOAN TG
nieong 4p (m.y. AV gtvon apvntikd dtav ov&avetor n mieon)
, op
MobOnpatikog : B=-V —
muy S EY;
To avtioTpo@d ToL PETPOV EAACTIKOTNTAG OYKOL OVOUALETOL CLUTIEGTOTNTA Kol opileTarl amd TN oyéon:
1 10V

B Vop

To pétpa ELOCTIKOTNTOAG OYKOL TMV 6TEPE®V sivar g Taéng tov 101° — 10! Pa evd tmv vypdv Adyo
HkpoTEPA NG TaENG TOv 10° — 1010 Pa.

K

IMa ta aépa £xel onpacio av n tpodcHetn micomn epaprootnke adtofatikd (ympig petapopd Oeppotrag) 1
v otabepn Oeppoxpacia (pe avtairayn Oepudtrag). Xe kKabe mepinTmon 10 HETPO EAACTIKOTNTOG GYKOV
vroAoYileTan amd TNV AVTIGTOYN GXECT TOL GLVOEEL TNV TIECT LE TOV OYKO TOL 0EPIOV.

[o60eppa: pV = p,V, = (a_p] __ PV ,
T

oV V?

op PVo PoVo
= — B :V _—= _—
. (av ) vi Py T B

P

- _ op) PV
AdwBotcd 1 pV7 = pVy :(6—\/1 ==Yy
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op Py pV”
B.=-V|—| =Vy—>2= = B, =
S [av js 7/\/},+1 p7 pvy S 7p
To y>1 givon puo otafepd (ad1doTatog aptfog) Tov 16ovTAL LE TO AOYO TV dV0 BEPLOY®PNTIKOTHT®V TOV
agpiov ¥ =C_ /C, (3ec. Keg.7)

AraTuntiés taoels o€ pevetd — IEddeg

e éva TpaypaTiko pevotd (VYpod M aéP1o), av acknel o otabepn dVvaUn TAPAAANAN LE TNV ETPAVELNL
TOV, 0G0 HIKPY| KoL va gtvat 1 duvaun, 1 Tapapdpemon X dev Ba otapaticet moté. Ta poplo Tov PEVGTOL
dgv UmopovV va cuyKpatnOovv petabh ToVg 0ALL PEOLV GE GTPMUOTO TOPAAANAQ TO £VOL [LE TO AALO. AVTOC
péaoto elvan Kot évoag 0pLGOG TOL pELGTOD.

X
[ I

i >
v T E
i [ ] Il
1 [ ]

' I ]

| ]
1
{

[ I
[ I
T

Avtd mov £xet vonua givor o puBupdg g mopapdpemong dx/dt =v, mov dupépet and pevotd oe PEVETO
Kot kaBopiletar amd TV €0OTEPIKN TPIPN TOV CTPOUATOV TOV VYPODL 1oL oAlcHaivovy To £va TAV® GTO
dAro. H tp1n avtn eaptdton amd T cvvekTikotnto N 1EMOES Tov pevotov. ETot avtl yio pétpo dtdTunong

F /A
€xovpe 10 AeyOUEVO GUVTEAEGTN 1EMOOVG TTOL €ival: 77 = I // ot Kot dpa £xet dwotdoels @ [n]=Pa-s
)
H xhaocowm dudtagn yio to 1EDdeC eivor 1 TopoKaTo :
v k)
—>
> 4
y :ﬁ/

[Iéve oy em@avelo. Tov VYPOD GVpeTal Mo eninedn mAdko mov omoitel dvvoun F, yio va Swrnpel

otafepn TayvtTa 0. To poplo ToL PELOTOD CE EMAPY HE TNV TAAKO TPOGKOAADVTOL GE OLTY, AOY®
duvdpemv cuvheelag Kot Kivovvtal pe v idwa toydtnta pe avtr. Adyo tping to kdbe éva and ta
TOPOKATO OTPOMOTA KveiTow Alyo Bpadvtepa omd 1O LEEPKEIUEVO €MC TO TEAELTOIO OV TOPAUEVEL
KoAANUEVO oTov TuBpéva pe undevikn tayvra. Ta Wavikd pevotd £xovv =0 kot dev Ba petakvovvtay
KkaBoLov otV Tapamdve OdToln.

do

e 010pOopIKN LOPPN M ££IGMGCT OPIGHOV TOL 1EMOOVS YPAPETAL : T =17] ™
y

omov 7=F /A n dwrpntcy tdon petafd Tov oTpoudtev tov pevotod kar du/dy n petaoAr tng

TOYVTNTOG TOPAUOPP®ONG (TayOTNTA POT|G TOL PEVGTOV) OO GTPMOUN GE GTPMOUA. Ta TPAYLATIKA PEVCTA
TOV 0OTOI®MV T0 1EMOEG IKAVOTOLEL TNV TOpATave oxéorn ovoudlovtol Nevtdvelo pevoTd.

To 1Eddeg €xel dvo mnyég mpoéhevong: 1) v eykapcio HeTAPOPE OPUNG LETOED YEITOVIKOV GTPOUATOV
o€ Hoplokd emimedo (kKamoto popio Kot Oyl LOKPOOKOMIKEG LALES OO TO O aPYO GTPOO TEPVAVE GTO TLO
YPNYOPO Kol OvTioTpoQa), 2) tnv dwopoptakn dvvaun €AENG (dvvaun cuvoyng) Tov AoKEITOL HETAED
YEoVIK®V popiwv tov vypov. To 1Emdec petafdrieton pe ) Beppokpoacio, aAld oyt dopactikd. ‘Etot yia
ocuvnBeig petafolréc g Beppokpacio Bo Ocmpoiie oTabepd 0 1EMIEG 6TIG aoKNTELS. [ Ta vYpd TO 1EDSES
elattovetol pe v avénon g Beppokpaciog (eEacOevolv ot S10HOPIaKES SVVALELS) EVA Yo TOL OEPLOL
avéaveral (aEAveTot 1 EYKAPGLO LETAPOPE OPUNG).
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Tpifpy kbiions

"Eva mpaypatikd oteped mov Kudietat, apyd 1 yprnyopa 0o GTOUATHOEL AKOUO KoL 0V OEV VTTAPYEL EEMTEPIKN
emPBpadvvovsa dSHVOUN Kot ToPOAO TOV KOTA TNV KOALON 1| 6TATIKT TPIPT 0eV Tapdyel £pyo. Apa vITdpyet
TpocOet TPIPN 0md T0 dAmed0. AT TPOKOAEITOL GO TV TOPAUOPPDGT TOL CAOUATOG 1/KL TOV dUTESOV
LE AMOTEAEGHO TO OCNUEID EMOPNG VO UNV fvarn onpeio GAAO Lol LKPY| ETLPAVELD. TNV EMPAVELQ ETOPTG
VIapyEL pkpn oAioOnon Kotd v mapapopewon. Tavtdoypova 1 dvvaun exaeng eivat AMyo urpocstd and
™V Katakopveo. H mapapdpemon 6 eEoptdton amod Tig EAACTIKEG 1O10TNTEC TOV SATEIOV KOl TOV GOUOTOG
Kot to Bépog Tov.

AvaAvovpe ¢ ouvibmc TN SHVOUN ETAPNC € OVO CLVIGTMGES, KAOETO Kot TAPAAANAQ LE To ddmedo. Tnv
K&Oet avtidpaon N kon v Tpify kviiens fr avtictoya. Ioydel mit epnepcd : f, = 4 N .
[epapatikd, fr ivar n opilovria eEmtepikn dvvaun F| mwov ypetdleton yio va dtotnpioeL To coua
otabepn TaydTnTa katd Ty Kbhot tov: 4, =k / mg

Ot ouvteheotéc TPPNG KOAONG Elvar TOAD HIKPOTEPOL OTO TOVG OVTIGTOLYOVG GUVTEAEGTEG

OTOTIKNG KOl KIVNTIKAG TPPNG. ZOUPEPEL TAPO TTOAD VO TGOVANGOLLE £V GO TAPA VoL TO GLPOLUE. T
aVTO VTTAPYOVY TOL POVAEUAY (Evopatpot TPIPBEIG) Kot Ta KapoTodKio Kot Yt avTd niong 1 avakdAvyn Tov
TPOYOVL NTAV TEPAGTIOG ONLOGIOG Y10 TNV TPOOSO TOL EIO0VG HOC.

H tp11] kOA10MG petdver T Ypoppkn tayhtnta o, eV 1 pomn ¢ kaBeng avtidopaong (tov gival
HEYAAVTEPT OO TNV avTifETN PO TNG TPPNG) LELDVEL TN YOVIOKT] TOYVTNTO @, OOTE VO IGYVEL TAVTO 1)
cuvOnkn KoAong : v=wR. Epappdélovtag to 2° vopo tov Nevtmva yio TNV LETAPOPIKT KOl TNV
TEPLGTPOPIKT KIvNon avTioTOLY0 TOUPVOLLLE !

F,.=ma=f =ma,

oA, X

F.,=0=N-B=0=N=mg
7, =la = NRsind- f Rcos@ = kmR*a/R =

i . sin
mgsin @ —macoséd = kma=>gsinf—acosf = xka—= a=g—6
K +Ccosé
Enedn n yovia 6 givor mold pikpp @~0=siNO~ 6 ko cosf =1 propovpe vo ypayouue : a ~ g_@l
K+

Xpnowonowwvrag my f, =4 N = ma=umg maipvoovpe : a= g g . Zovévalovtog Tig Vo EKPPACELS Yia
™V €MLTdLVON TapPVOLLE ETIONG :
sing 0
= T MR
K +C0s@ l+x
O ovvieheomc ™C TPIPNg KOMomMGg e€aptdTor omd TV TAPAUOPP®OT OAAG Kol amd To oyfua (pomn
aOPOVELNG) TOV CAOUATOG.

Hh
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POIIEX AAPANEIAYX. OMOI'ENQN XTEPEQN
Ooegg gtvon yOpw amd 1o kévrpo pdlog eépovv 1o dgiktn C

Heprypagn

Zyfpe

Pom) adpaveiog

PaBoog amod to péco g

[TAdxa amd to péco g

A 1
' | =ML
¢ c 12

Papoog N mhdka amd to dicpo g
(Steiner mapaiiniot GEoveg:
I =1.+Md?)

| ==ML?

[TAdxa amd 10 KEVTPO NG
(Aentég mhdxegl, =1, +1))

OpBoyodvio  mapaAAnAdypapLiLo
amd 10 KEVTIPO TOV.

lo=—M(a’+b?)

X1e@avn

KvAvdpikdg protdc

Kvrhkog diokog

KvAwvdpog

AokTOA0G

KuAvdpikdg protog
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Axopmnto copo

oeh. 41/41

Heprypaon Xynpo Pom adpaveiog
Yoai 2
(P(lea IC _£ MRZ
5
, , 2 0o
2Qoptkog AOLOC I = 3 MR
Aiokog
YOopw amd TaApIAMAO  GTO prote 1 ope
eninedd 1OV d&ovo  mov 2 4
nepvael omd TO KEVIPO TOL
KoAiwvdpog 1& = 1¢ gioon ) T V¢ igson sy
YOp® and kdbeto aEova Tov 1 ., 1 .,
TEOVS . . =—mR*+—mL
PVAEL ATTO TO KEVIPO TOL 4 12
Tetpéywvo VRN gy
) 5 VIO c~'c™
YOP® Ao S yDOVIO TOV 12

Agite o TOWOTIKG YOPOKTNPIOTIKA TOV TOPATAVE TOTOV KOl UV TOLG amopuvnuovedeton kabmg 1 Oa

dtvovtan ota Béparta 1 propel kot va cog {ntnbodv wg epdtua:

e And dootatikn avdivon n porh adpaveiog Oa eivar Tavto thg popeng: | = x-mx* 6mov m 1 palo

TOV GAOUATOG, X YOPOKTNPIOTIKY O1AGTACT) TOV KOl K 0d1IoTUTY 6Tafepd

e T opoyevi copata 1o k eEaptdtan amd To oYM Kot LOVO TOV GMUOTOG Kot Yo dedoUEVN LEYLIOTN
dugotaon X kot pala m dnAdvel m6Go kovtd 6to kEvpo palag sivor katoveunuévn n pale. Ani.
mOc0 1O GYNUE TANGLALEL To VAKO onpeio. Oco mo pukpd gival 10 k 1660 10 dKapunto cmpa Oa

TANGLalel TEPIGGOHTEPO GTO VAIKO ompeio kot 1 porn adpaveiog Tov o eAatTtdvETOL.
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